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Abstract. A construction of a robust family of compact inertial manifolds 
is presented. The result aims to complete an analysis of certain types of at- 
tracting sets for a class of dissipative infinite dimensional dynamical systems. 
Application to a hyperbolically relaxed Chaffee-Infante reaction diffusion equa- 
tion is also discussed. 



1. Introduction 

The aim of this article is to construct a robust family (both upper- and lower- 
semicontinuous with explicit controU over semidistances) of compact inertial mani- 
folds for a one-parameter family of semiflows, and to study the possible implemen- 
tation of this construction for the semiflows generated by a dissipative nonlinear 
evolution equation depending on a parameter. In the category of dissipative infinite 
dimensional dynamical systems, it is well-known that, under suitable assumptions, 
semiflows admit an inertial manifold. The continuity properties of these manifolds 
with respect to perturbations of the differential equation, and hence the correspond- 
ing semiflow, is an open problem. As an intermediate step in establishing a result 
as to the existence (or non-existence) of a robust family of inertial manifolds, we 
will examine a robust family of compact inertial submanifolds. There is already in 
the literature a generic result on the existence of compact inertial submanifolds. An 
improvement of this result will be given by constructing a compact inertial manifold 
satisfying a certain regularity property, a property that will be exploited when we 
explore the continuity properties of these sets under perturbations. The outcome 
from these two results will be a construction of a robust family of compact inertial 
manifolds. 

The motivation for the development of this article is the work of |13| in (indirect) 
response to [24l Rem. 4.13]: 

As was the case for the global attractors, a natural question is 
to know whether any result on the upper- or lower-semicontinuity 
would hold for the exponential attractors [.] 

As per another remark from [24, §5.8.6, ^1]: 
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It would in fact be interesting to further investigate this question for 
example in the framework of the upper- and lower-semicontinuity 
of these inertial manifolds as [the perturbation parameter vanishes] . 

Indeed, attempts to resolve this natural question appear in the papers [5] and [6]. 
Although, the presentation therein is technically difficult since it lacks a complete 
reworking of the functional setting. The idea in each is to extend the framework 
for the hyperbolic perturbation problem so as to include the framework of the 
limiting case parabolic problem. In [5], a construction of exponential attractors 
which satisfy both upper- and lower-semicontinuity properties in this extended 
framework is given. A construction of a family of exponential attractors satisfying 
a further, robust, type of continuity, again in an extended framework, is given. The 
difficulty of this approach comes from the fact that this "extended framework" is 
not natural to either problem's traditional setting. 

To overcome this, a new approach was taken whereby one lifts only the ex- 
ponential attractor from the parabolic case into the natural product setting of 
the hyperbolic problem. In fact, this is exactly how one proceeds to show the 
upper-semicontinuity result in [24] for the global attractors of the model problem. 
However, the procedure requires an extra degree of regularity from the parabolic 
attractors. Whereas the global attractors are regular enough to be lifted, the expo- 
nential attractors are not. Borrowing some of the main ideas in [6|, [13] successively 
established this new approach. Based on this idea, a construction of a regular robust 
family of exponential attractors was attainable without encountering the difficulties 
found in the previous attempts. 

Results concerning the existence of robust families of attracting sets appear in 
the literature for equations depending on parameters that occur as a hyperbolic 
relaxation, in a so-called memory kernel, and in problems with dynamic boundary 
conditions; for example, domains with permeable walls. It was from |5], |6], [25], 
and ultimately |13fl . that robustness matured and led to the many results found in 
[2] , [TS] , and dH] to name three models with a singular perturbation of hyperbolic 
relaxation type. Furthermore, [16] and [3] contain results where the perturbation 
parameter lies in a memory kernel, and the following [26], |9], |7], [8], [10], [TT] . 
and [12] involve dynamic boundary conditions. (Many other results are certainly 
coming.) With respect to the many models described in the sources just cited, the 
model we will later investigate, as motivated by the application we give, concerns 
a singular perturbation of hyperbolic relaxation type. 

As far as we know, a construction of a robust family of inertial manifolds does not 
yet appear in the literature. Based on the current methods, in order to show that a 
family of inertial manifolds — in their totality — is robust, one would need to establish 
that the manifolds satisfy a regularity property which is somewhat unnatural for 
such attractors. On the other hand, the "compact core" of an inertial manifold 
is regular enough to construct a family of robust compact inertial manifolds. To 
determine the applicability of the construction given in this article, the existence of 
a robust family of compact inertial manifolds will be demonstrated for a perturbed 
dissipative evolution equation of hyperbolic relaxation type. 

In section 2, the model initial boundary value problem is presented. Here we 
recall the fact that the mild solutions generate a Lipschitz continuous semiflow. We 
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also recall assumptions on the equation which provide the existence of an inertial 
manifold of graph type. The existence of compact inertial manifolds is discussed 
in section 3, which begins with a generic construction found in [24 , and then leads 
into an explicit construction of a compact inertial manifold which is well suited 
for the robustness result shown in section 4. The product structure where the ro- 
bustness takes place, as well as the necessary maps used to "lift" certain sets in 
this structure, is given in section 4. It should be mentioned that the robustness 
result for the compact inertial manifolds will make use of a modified version of 
an assumption described in the seminal work {T5\ . In section 5 we investigate the 
one-dimensional Chaffee- Infante reaction diffusion equation with a singular pertur- 
bation of hyperbolic relaxation type. It is already known that the solution operators 
for the equation admit an upper-continuous family of global attractors (cf. [W ) and 
a robust family of exponential attractors (cf. [13,). It is also well-known that the 
solution operators admit a family of inertial manifolds, however nothing is known 
about the stability of this family. We will show that the solution operators admit 
a family of compact inertial manifolds — thus illuminating the previous section — 
which possess a weaker version of the robustness property; that is, weaker in the 
sense that the semidistances go to zero provided that the dimension of the manifolds 
is allowed to increase without bound. We only treat the one-dimensional case here 
because, quite simply, it is the easiest case to work with. There is a possibility of 
constructing families of compact inertial manifolds for partial differential equations 
whose unknown depends on a spatial variable in two or three dimensions (four of 
more is unlikely; on these comments, see [22]). 

2. Preliminaries 
Consider the initial value problem, 

(1) I ^ + Auit)^Fiuit)), t>0 
[ u{0) = Uo, 

where —A is the infinitesimal generator of a strongly continuous (C'^-)semigroup 
e~"**, i > 0, on a real Hilbert space X, and F : X ^ X is globally Lipschitz 
continuous. For every uq € X and T > 0, problem ^ has a unique mild solution 
u e C{[Q,T]; X) satisfying the integral equation, for all t e [0,T], 

(2) u{t) = e-^'uo + f e-^^'-^^F{u{T))dT. 



Moreover, for all T > the map 

X3UQ^~^uG C{[0,T];X) 

is Lipschitz continuous (cf. [271 Chap. 6, Thm. 1.2]), and thus the mild solutions 
of problem ([1]) generate a Lipschitz continuous semiflow S — {S{t))t>o in X where 

S(t)uQ := u{t,uo). 

Precisely, the maps S{t) : X X satisfy the following: 

(i) For each fixed uq G X , the map 1 1-^ S(t)uo is continuous. 

(ii) For each fixed t > 0, the map uq ^— > S{t)uQ is Lipschitz continuous. 

(iii) 5'(0) = Ix (identity in X). 

(iv) sis + t) = Sis)S{t) for aU s,t>0. 
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Properties (i) and (ii) follow directly from |27j, and (iii) is a simple consequence 
of the representation of the mild solution 12]). Property (iv) is known to hold for 
a general class of autonomous IVP including the one under consideration here (cf. 

m §i-2.4]). 

Let El be an iV-dimensional closed linear subspace of X. By the projection the- 
orem, X can be decomposed uniquely into the direct sum of Si and its orthogonal 
complement 

E2 := E^ = {.X e A- : {x,y)x = 0,Vj/ G Ei}; 

i.e. A" = El © E2; hence, every x ^ X can be decomposed into the sum x = p + q 
for some p G Ei and q G E2. The continuous maps 

Pat : A" ^ El and Qn ■= Ix - Pn ■ X ^ E2 

given by 

Pnx ~ p and Qnx = q, 

are orthogonal projections of X onto Ei and E2 respectively. 

A subset M Q X is called an N -dimensional Lipschitz submanifold of X if it 
satisfies the following: 

(1) There exists a countable (possibly finite) collection of open sets Vi C X, 
i G A C N, such that if [/, := n 7W, then M = U^eAt/^. 

(2) There exist open sets Wi C and invertible mappings (pi : Wi ^ Vi, with 

^ = Ui, such that both (j)i and 4>~^ are Lipschitz continuous. 

Here, 

:= {(xi, . . . , xn) G : xi > 0}. 

Denote by 

the boundary of M. 

A subset A4 X is called an N -dimensional trivial Lipschitz submanifold of X 
if it satisfies the following: 

(i) There exists a closed A^-dimensional linear subspace Ei of X, and a subset 
F of El such that F is an A^-dimensional Lipschitz manifold. 

(ii) There exists an invertible mapping ip : T ^ A4 such that both ip and ip^^ 
are Lipschitz continuous. 

A subset C A" is an inertial manifold for the semiflow 5 if is an A^- 
dimensional trivial Lipschitz submanifold of X which is positively invariant and 
exponentially attracting for S\ i.e., for all i > 0, 

S{t)M C X, 

and for any bounded subset B of X, there exist c > and lo > Q, depending on _B, 
such that for all t > 0, 

dx{S{t)B,M) < ce"'^*. 

Here, 

dx{U,V) := sup inf - y\\x, 

denotes the Hausdorff semidistance, in the topology of X, between the two subsets 
U and V of X. 

We now state the first hypothesis of the article. 
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Hypothesis 2.1. In equation ([T]), assume F g Cb{X,X) satisfies the global Lipschitz 
condition 

(3) \\F{x)~F{y)\\x<£F\\x~y\\x 

for some ip > 0, independent of x and y, but depending on F. 

Define the subset Gl oi G := Cb{^i; S2) by 

GL:={^eG: ||*(x) - ^m\x < L\\x - VIU, Vx, V' G Si} • 

In some methods of constructing inertial manifolds (cf. e.g. [31, Chap. VIII], 
PSI §15.2], and |24i §5.2.3], and the references therein), the inertial manifold A4 is 
constructed as the graph of a Lipschitz continuous function m defined on a closed 
subset r of a finite-dimensional closed linear subspace Si of the Hilbert space X. 
Indeed, for the remainder of this article, any inertial manifold A4 under consid- 
eration is assumed to be constructed in such a fashion because the applications 
known to admit an inertial manifold, admit one of graph type. Precisely, for some 
A^-dimensional closed linear subspace Si of A", with an A'^-dimensional Lipschitz 
submanifold F C Si, and for some m S Gip, an inertial manifold of graph type is 
described by 

(4) M graph(m) = + m{^) -.^eT}. 

Such a set is an A^-dimensional trivial Lipschitz submanifold in accordance with 
the definition above. Additionally, the manifold Ai is closed. The function m e 
Gtp above is obtained through Hadamard's graph transformation method. This 
procedure provides the existence of an inertial manifold for a semifiow satisfying a 
so-called strong squeezing property. We will consider here semiflows which satisiy a 
stronger condition whereby the operator A in ([1]) satisfies a spectral gap condition. 
This also allows us to determine the appropriate dimension A'^ > 1 of the closed 
linear subspace Si of A". 

The operator A is said to satisfy the spectral gap condition relative to F provided 
there is N £ N such that the real parts of the eigenvalues of A satisfy 

(5) 3fi(Ajv+i) - ^{Xn) > Mf, 
with N so large that 

(6) 5R(AAr+i) > 2iF. 

When F satisfies hypothesis 12.11 and A satisfies the spectral gap condition, then 
it is well-known that the resulting semifiow S admits an inertial manifold M of 
graph type in X (cf. ,24, Thm. 5.42]); i.e., there is an A^-dimensional closed linear 
subspace Si of A" (where > 1 was determined by (O-® above), and there is 
m S Gtp (where > was determined in ([3])) such that the set M :— graph(m) is 
an inertial manifold for the semifiow S in X. In particular, when A^^ is compact 
on X, the set of eigenvectors of A, say {ijJfcjfc^i, forms a complete orthonormal 
system in X. With this, the finite-dimensional closed linear subspace Si may 
be described by Si = spanjajfelj^j^. Also, Ji4 possesses the following exponential 
tracking property: there exists c, 77 > such that for all x £ X, there is x' G A4, 
depending on x, such that for all t > 0, 

(7) \\S{t)x - S{t)x'\\x < c\\tt2X - m{T:ix)\\xe-'>K 

Observe that here, the evolution of the trajectories is estimated in terms of x 
alone. This exponential tracking property is a form of asymptotic completeness: 
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given any trajectory {S(t)x)t>o of the dynamical system, there is another trajectory 
{S{t)x')t>o on Ai, which must then stay on A4, to which, not only does S{t)x 
exponentially converge, but further, the evolution of the trajectories is estimated 
in terms of the distance of a; to A^. 

Before we conclude this section we summarize the assumptions made on A. 

Hypothesis 2.2. Assume that the operator A satisfies the following: 

(1) —A generates a C°-semigroup on X. 

(2) There is a minimum N^, G N such that for each N > N^,, A satisfies the 
spectral gap condition relative to F. 

Additionally, we may also assume the following: 

3. The spaces 3^, X, and y' {y' denotes the dual of 3^) form a Gelfand triple; 
i.e., 3^ is a dense subspace of X satisfying y ^ X ^ X' ^ y' with compact 
injection y ^ X (recall A" is a Hilbert space it is isometrically isomorphic 
to its dual X'). 

4. A G £,{y,y') (with A : D{A) C X ^ X being not necessarily bounded) is 
self-adjoint and strictly positive. 

Throughout the article we assume that S — {S{t))t>o is a continuous semiflow 
on the Hilbert space X, and that S admits an inertial manifold A4 of graph type 
in X, which possesses the exponential tracking property ([7|). 



3.1. Motivation. A subset G C A" is absorbing with respect to the semifiow S, 
relative to a neighborhood t/ of G in X, if for every bounded subset V of U, there 
exists to > 0, depending on V, such that S{t)V C G for all t > to- 
Given r > and a (relatively) compact subset K C X, we denote by Mx{K,r) 
the minimum number of r-balls of X necessary to cover K . The fractal dimension 
of K is defined as 



The following citation provides the motivation for this article. 

Proposition 3.1. Let M. be an inertial manifold for the semiflow S in X . Assume 
that Al satisfies the following exponential tracking property: there exist c, ?7 > 
such that for all x G X, there is x' E M, depending on x, such that for all t > 0, 



Furthermore, assume that S admits a compact absorbing positively invariant set G 
in X. If the set Al Ai O G is non-empty and has Lipschitz boundary, then Ai 
is a compact inertial manifold for S in X; precisely, 

(i) Al is a compact set in X, 

(ii) Ai is positively invariant under the semiflow S, 

(iii) Ai is exponentially attracting in X, 
and 

(iv) dimF(7W) < oo. 



3. The Existence of Compact Inertial Manifolds 



dimF{K) := limsup 




\\S{t)x'^ S{t)x'\\x <cdx{x,A4)e-'^' inf \\x ^ y\\xe 



Proof. Cf. [24. Proposition 5.9]. 



□ 



COMPACT INERTIAL MANIFOLDS 



7 



What follows is a construction of a non-empty set Al in Al that possesses a 
Lipschitz boundary and a certain degree of regularity (which will be of much use 
later on when we discuss robustness). 

3.2. The construction (part 1). A family of continuous operators Z = {Z{t))t>o 
is called uniformly decaying to zero if for any bounded set B in X , 

lim sup — 0. 

A family of continuous operators K — (K{t))t>o is called uniformly compact for 
large t if for any bounded set B in X there exists a ii > 0, depending on B, such 
that the set 

U 

t>ti 

is relatively compact in X . 

Hypothesis 3.2. Assume that the semiflow S = {S(t))t>o admits a decomposition 
such that S — Z + K where both Z = {Z{t))t>o and K = {K{t))t>o are fami- 
lies of continuous operators in X (not necessarily semiflows), and Z and K are, 
respectively, uniformly decaying to zero and uniformly compact for large t. 

Let U ex. The set 

uj{u) fi u sm"" 

s>0 t>s 

is the Lu-limit set of U. 

Theorem 3.3. Assume the continuous semiflow S in X satisfies hvD0thesis l3.2l Then 
for every non-empty bounded subset B of X, the set lo{B) is non-empty, compact 
in X, invariant under 5, and attracts B; i.e., 

lim dx{S{t)B,uj{B)) =0. 

t—^OC 

Proof Cf. [55', Prop. 2.49]. □ 

Lemma 3.4. Suppose B is a bounded subset of a Hilbert space Ti. and 5' is a semiflow 
on Ti, satisfying hypothesis 13.21 Then 

-H H 



(8) nu^w^ -nu^w^ 

s>0 t>s 

Proof. First assume 



s>0 t>s 



Then 



ze f]\jKit)B''. 

s>Q t>s 



-n 

z G y K{t)B Vs > 0; 

t>s 

equences 

i^s )n>0 C U K{t)B 



t>s 

thus, for all s > 0, there exist sequences 



t>s 



8 



JOSEPH L. SHOMBERG 



such that z" — > z in 7i. Now, for all n > there exists tn > s and bn G B such 
that z" — K{tn)bn- Consequently, 

so that 
This means 

t>a 

and it follows that 

z e fi {Jsm". 

We have thus established "C" in ([8]). The other direction is analogous. □ 

Hypothesis 3.5. Assume that Xi^ X2, and <%3 are Hilbert spaces which satisfy the 
continuous and compact imbeddings into X: X^ X2 ^ Xi ^ X . Additionally, 
assume that Xi ^ X densely. 

Let r C Si and for a bounded subset W of F, define the bounded subset of the 
inertial manifold M 

(9) Xw:= graphic (m) = {e + m(0:eeW}. 

Hypothesis 3.6. Set Cq :— A4w. For j — 0,1,2, assume that there exist Cj > 
such that 

Q+i y K{t)C, 

t>Cj 

is bounded in Xj^i. It is important to note that the sets Cj are relatively compact 
in X, but they are not necessarily bounded in A'j+i. This hypothesis is a regularity 
requirement on the sets Cj+i. 

Lemma 3.7. Assume hypotheses 13.21 1331 and l3.6l hold. There holds, for j = 0, 1,2, 

lim dx{K{t)Cj,M) = 0. 

t — *oo 

Proof. Case j = 0: 

dx{Kit)Co,M)< sup inf \\K{t)x~y\\x 

< sup inf \\S(t)x — y\\x + sup 

Since Cq = A4w d A4 and M is positively invariant, then 

sup inf \\S{t)x — y\\x — 0, 

and since Co is bounded and Z is uniformly decaying to zero, then the claim is 
proved for j = 0. 

Case j = 1, 2: For all y G M, 

(10) dx{K{t)Cj,M)<ina^{ sup \\K{t)x - y\\x, sup \\K{t)x ^ y\\x}. 

xeCjnM xeCj\M 
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Let X e Cj. If X e Cj n M, we can take y = S{t)x e S{t)M C M (because M is 
positively invariant) to deduce 

(11) sup \\K{t)x~ S{t)x\\x ^ sup \\Z{t)x\\x. 

If a; G Cj\A4, we apply the exponential tracking property from ([7]): there is x' £ A4, 
depending on x, and there exist c, 77 > 0, independent of x, such that for all t > 0, 

\\S{t)x ~ S{t)x'\\x < cWQnx ~ m{PNx)\\xe-'^'. 

Then, taking y — S{t)x' E M, we deduce that 

\\K{t)x - S{t)x'\\x < \\Z{t)x\\x + \\S{t)x - S{t)x'\\x 

(12) 

<\\Z{t)xy + c\\QNX-m{PNx)ye-'^'. 

Since Cj is bounded (in Xj ^ X), we conclude from IT^ that for all x G Cj, 

(13) sup \\K{t)x-y\\x< sup \\Z{t)x\\x + ce^'"' 

xeCj\M xeCj\M 

with c > independent of x. After collecting pop . (fTT|) . and (|13p . and using the 
fact that Z is uniformly decaying to zero, the conclusion follows. □ 

Hypothesis 3.8. Assume that the semiflow S is continuous in A'j+i for j — 0, 1, 2; 
that is, for all t > 0, S'(i)A'j+i C Xj+i. This is a regularity requirement on S. 

Define, for j = 0, 1, 2, 

s>Cj i>s 

Lemma 3.9. Assume hypotheses 13.21 [X5l 13.61 and 13.81 hold. For j = 0, 1,2 and for 
each Cj > 0, the set uo^.iCj) defined in is non-empty, compact in A", positively 
invariant under S, and satisfies 

(15) uu^^ (Cj) C uj^ (Cj) C Lu {Cj )CMnXj+i. 

Furthermore, each set u)^.{Cj) possesses finite fractal dimension and a Lipschitz 
smooth boundary. 

Proof. 1. To show that the sets ijj^.(Cj), j = 0,1,2, are non-empty, let xq be an 
element of the non-empty set M.v\! = Co- Then define 

xi i^(co)a;o G |J K{t)Cn = Ci, and X2 := K{ci)xi e |J K{t)Ci = C2. 

t>CQ i^ci 

For j G {0, 1, 2}, define Zj :— linii^oo K{t)xj in A'j+i. Hence, by hypothesis I3.6|, 

t>s 

for all s > Cj; that is, by definition p4)) . 



fl |Jif(t)C7j''""=c.f^(Q, 
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2. To show positive invariance, let r > be given. Then 

-•^3+1 _ -; — ; Xj+i 

-■3 



S{t)u:^^{C,)^S{t) fl \jK{t)C, = S{r) fj \JS{t)C, 



S>Cj t>S S>Cj t>s 

^ — ; — ; — •^j+i 

s>Cj 6>s+r 
-^i + l _ -. — : ^j + l 



s>Cj 6>s s>Cj 6>s 



Thus S{t)uj^^ (Cj) C (Q) for all r > 0. 

3. By construction, ujq (Cj) is a bounded subset of Xj+i- The first inclusion in 
(fT5t follows from 



<(^^)= n u^w^/'"^ n u ^wq""'" 

r>Ot>r 

For the second inclusion, we use the fact that Xj^i C A", 

^oiCj) = fl u ^w^/'^' = n u ^w^/'^' ^ n u ^w^^'' = ^(^^■)- 

s>Ot>s s>Ot>s s>Oi>s 

For the last inclusion we need to show that w(Cj) C J\A: Since oj{Cj) is a bounded 
set in X, it is attracted by A^; i.e. 

lim dx{S{t)oj{CA,M)^Q. 

Since uj{Cj) is invariant, 9;t(i^(C'j), Al) — 0, and since ti'(Cj) is compact and Ai is 
closed in X, then (cf. e.g. [Ml Prop. 2.2]) w(Cj) C M. Thus US]) holds. 

4. The sets o;^ (Cj) are compact in X thanks to the compactness of the imbed- 
dings Xj+i ^ X. 

5. dimi^-(a;^(Cj)) < dimi?(Al) = N because uj^.{Cj) is a compact subset of the 
A^-dimensional manifold Ai. 

6. We now show that each set uj^,{Cj) possesses a Lipschitz smooth boundary. 

We know from equation ([T5)) above that duj^.{Cj) C A4. There exists a countable 
(possibly finite) collection of sets {WijieA, A C N, and Lipschitz maps 4>i : Wi ^ X 
with Lipschitz continuous inverse 4>~^ , such that A4 = [ji^j^i4>iiWi) (1 A4). We 
claim 

(16) = U '^»(^') 

for some countable collection of sets {WijigA- Indeed, 

= duj%{c,) n ( U (0,(Ty.) n X) ) = U n 9<(Q)) . 

VieA / ieA 
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Next, for each z S A, define the collectfon of (A^-l)-dimensfonal sets 

This shows ([TBI) and proves that the set u)^.{Cj) possess a Lipschitz smooth bound- 
ary. □ 

Hypothesis 3.10. For j — 0, 1,2, assume that there is a closed bounded positively 
invariant set Gj+i in Xj+i, absorbing relative to all of Xj+i- 

3.3. The construction (part 2). Let Tj+i > be the "time of entry," in Xj+i, 
of the bounded set Lo^,{Cj) into the absorbing set G^+i of hvpothesis 13.101 (tj+i 
depends on u!^,{Cj)); i.e., for all r > Tj+i, 

5(rK^(Q)CG,+i. 
Set /j+i = [rj+i, 2Tj+i], and define 



-"J 



(17) A^,+i:= U S{t)u^^{C,)= U 5(r) fl|Jif(t)Q 

rG/j + i rS/j + i \^s>Cj t>s 

We claim that, for each j = 0, 1, 2, this set is a compact incrtial manifold in X. 

Theorem 3.11. Suppose hypotheses ESI EH EH EH and [XTUl hold. The sets 
Alj+i defined by ^T7\ are compact incrtial manifolds for S in X, with the following 
exception: Mj+i attracts exponentially all bounded subsets of Xj-^-l (rather than 
X) in the topology of X. 

Proof. We need to show that the set Mj+i is non-empty, compact in X, posi- 
tively invariant under S, exponentially attracts all bounded subsets of Xj+i in the 
topology of A", as well as possesses finite fractal dimension, and a Lipschitz smooth 
boundary. Without repeating, j = 0, 1, 2. 

1. By the compactness of the imbedding Xj+i ^ X, it follows that A4j+i is 
compact in X. 

2. The fact that the sets Mj+i are non-empty follows from lemma EH 

3. Next we show that Mj+i is positively invariant under S. By lemma EH the 
set uj^.{Cj) is positively invariant; hence, 

S{<j)M,+,^S{<j) y S{T)uf^{C,)= U 5(r) (5(aX(C,)) 

This shows S{cr)Mj+i C Mj+i for all a >0. 

We now show that A4j+i exponentially attracts all bounded subsets of A'j+i (in 
the topology of X). 

4. Let Bj+i be a bounded subset of Xj^i. We need to show that there are 
K,ri > 0, depending on -Bj+i, such that for alH > 0, 

(18) dx(S(t)B^+uMj+i)<^e-^'. 
The following is borrowed from [24, Prop. 5.8]. 
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The first step is to show that psp holds when Bj+i — Gj+i (Gj+i is the absorb- 
ing set given in hypothesis 13 . 1 0|1 . In hght of the exponential tracking property given 
in ([7]), observe that the function X 3 x t-^ \\Qnx — 'rn{Pi^x)\\x is continuous, so its 
restriction to the compact set Gj+i is bounded. Thus, there is K > 0, depending 
on Gj+i, and there is ?7 > 0, such that for all g e Gj+i, there is g ^ A4, depending 
on g, with the property that for all t > 0, 

(19) \\S{t)g~Sm\x<Ke-^*. 

Let Gj+i be the subset of A^^+i consisting of all the elements g G satisfying 
(fT9|) for some g G Gj+i. The set Gj+i is non-empty because when g £ Mj+i ^ 
Gj+i, those g = g & ^j+i satisfy Since Gj+i C Mj+i and Mj+i is positively 
invariant, then for all t > 0, S{t)Gj+i C Mj^i. Hence, (fT9|) implies that for fixed 
g G Gj+i, and for all g G Gj+i and t > 0, 

(20) dx{S{t)g,Mj+i) < dx{S{t)g,S{t)Gj+i) < \\S{t)g ^ S{t)g\\x < Ke-^\ 
Since the right hand side of ([20]) is independent of g, it follows that for alH > 0, 

(21) dx{S{t)G,+i,Mj+i) < Ke-^\ 

Now we treat the general case where Bj^i is any bounded subset of Xj^i. Since 
Gj+i is absorbing, there is io ^ 0, depending on Bj+i, such that for all t > to, 
S{t)Bj-^-i C Gj+i. Let t > to, and write t = to + r, r > 0. Since, 

S{t)B,+i = S{r)S(to)B,+i C 5(r)G,+i, 

we have that (with the aid of ([2T|) 1 when t > to, 

dxiS{t)B,+,,M,+i) < dx{Sir)G,+^,M,+i) < Ke'^^ 

When < t < to, we estimate 

dx{S{t)Bj+i,M,+i) < max dx{S{t)Bj+i,Mj+i) =: c 
(23) '^I"'*"! 

So dlH]) follows from ^ and (US]) with k := e"?*" max{c, if}. 

It remains to show that A4j+i possesses finite fractal dimension and a Lipschitz 
smooth boundary. 

5. By applying Ure/^+i of lemma 13. 91 and using hvpothesis 13.81 and 
the fact that M is positively invariant, it follows that Mj+i C M where we already 
know A4 has finite (fractal) dimension. It follows that dimi?(Alj+i) < dimi?(A^) = 
N since Mj+i is compact in M. 

6. Finally, we show that the set Mj+i possess Lipschitz smooth boundary. By 
the very definition 



COMPACT INERTIAL MANIFOLDS 



13 



and with the aid of lemma 13. 9( we have that 

re/3+1 re/j+1 ieA 



U 

iSA 



Since the two maps S{t) and are Lipschitz, so is their composition. Thus Mj+i 
possess a Lipschitz boundary. 

The proof is complete. □ 

4. Singular Robustness 
Let Yq, Yi, I2, and I3 be Hilbert spaces satisfying 

Y3CY2CY1C Yo 

with continuous and compact imbcddings. Additionally assume Yi C Yq densely. 
Define 

Xk^YkxYk-u fc = l,2,3. 
The spaces Xk are Hilbert when endowed with the norm whose square is given by 

\\{u,v)\\j,^^\\uW'y^ + \\v\\l.^_^, fc = 1,2,3. 
With an abuse of notation, denote by 

Hi-.Xk^ Yk and : Xk ^ Y^-i, 

the continuous projections of Xk onto its first component Yk and, respectively, 
second component Yk-i- For e E (0, 1], consider in Xk the equivalent e-weighted 
norm whose square is given by 



Yk-i 



and call X^ the corresponding normed space. For e = 0, we set X^ = Yk with the 
norm of Yfe. We consider a family {Se)e>o of semiflows, respectively on Xf when 
e > 0, and on X^ — Yi when e = 0. Observe that So is a semiflow on X^ = Yi, not 
Yq. For this reason, we further denote Iq = X^ and consider a semiflow Sp on Yq. 

Recall the Hausdorff semidistance, in the topology of X^, between two subsets 
U and V of X^ is given by 

dxi{U,V) := sup inf |la;-y||x|. 

Define the symmetric Hausdorff distance between U and V by 

distx,^ (C/, V) := max{9;f. {U, V), Ox^^ (V, U)}. 

A family of subsets (iy^)£g[o,i] of -^k called robust at Eq E [0, 1] whenever there 
are constants A > and (p £ (0, 1], both independent of e and Eq, such that 

distx=(M^",W^^'') < Ale-eol"*. 

Throughout the remainder of this section we will be interested in singular ro- 
bustness; i.e., robustness at eo = 0. One of the problems we need to overcome when 
we compare a set in Yq with one in Xi is the obvious fact that the topologies are 
incompatible. To this end, we need to lift sets from Yq into the product structure 
of Xi, and there we may compare the two structures in the topology of Xf. 
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Before we proceed, we must reassign some notation so that the singular and 
non-singular cases are compatible with the hypotheses made so far. We introduce 
the family of initial value problems on Xf of the form ([1]) where now, for e e [0, 1], 



For the singular case (e = 0): Observe that hypothesis 13.51 is compatible with 
the new framework given above with 



Assume hypotheses [O and [221 hold for the IVP with e = in place of H]). 
We then set 

Sp -.^S, Np ■.= N, Np, :=iV,, 

3i := El, J2 ^2, m, T, and := M. 

Assume hypothesis 13.21 holds and set 

Zp := Z and Kp := K, 
and assuming hvpothesis 13.61 holds, set 

W := W, cf := Ci, and C° := C,, i = 0, 1, 2, 3. 
In accordance with hvpothesis 13.81 assume that for all t >0, 
(25) Sp{t)Y,CY„ i = 0,1,2,3. 

Assume hypothesis 13.101 holds and set 



For the non-singular case (e > 0) : Hypothesis 13.51 is compatible with the above 
framework when we set 



A^i — X^ , A2 — X2 , and A3 — X^ , 

(when £ > 0, A" is not needed). Assume hypotheses 12. II and 12.21 fthis time without 
parts 3 & 4) hold for the IVP ^ with e £ (0, 1] in place of ((1]); set 

:= S, := TV, N„ TV,, m, to, F^ := F, and Ml'.^M, 

(we keep Si and E2 as they are). Assume hvpothesis 13.21 and set 

Ze ■= Z and K, := K, 

and assuming hvpothesis 13.61 holds, set 

W, 4 := Cfc, and CI := Ck-i fc = 1, 2, 3. 

In accordance with hypothesis 13.81 assume that for alH > 0, 

S,{t)Xk^Xk, fc = l,2,3. 

Assume hypothesis 13.101 holds and set 



(24) 




X = Fg, Xx = Yi, X2 = 12, and = Y^. 



Gi := G and Q 




Gj+i, .7 = 0,1,2. 



G, G| : 



G2, and G3 : 



G3. 
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Hypothesis 4.1. Assume there exists a canonical extension map £ : Y2 Yq which 
is locally Lipschitz continuous in Y2, and for e > the lift map C : Yz Y2 x Yq 
defined by m > (u, £u) is such that the following holds: there exists 7 G (0, 1] and 
an interval /, both independent of e, such that for any bounded set in X3, there 
exists C > 0, depending on ,63, but independent of e, such that for all t E I and 

(26) \\S,it)x - CSp{t)Illx\\xf < Ce\ 

Recall from ([25]), Sp{t)Ulx G Ys C Y2; i.e., Sp{t)Illx is in the domain of the hft 
operator. 

Now we construct the compact inertial manifolds for the singular and non- 
singular cases; recall the singular and non-singular cases of hypotheses 12. li 12. 2[ 
EH EH [321 [Sill and[^l were described above. 

First we construct (here e = 0): Let be a bounded subset of C 3i 
and define the bounded set of A^^, 

M°vp graphic, (m^) = + nipiO : C E W^} (cf. ®). 

Set 

C° :=X°VP, := y i^p(i)Co", C° := |J Kpit)Cl 

and 

The set ct;^''(C2) is non-empty, compact in Yq, positively invariant under Sp, pos- 
sesses a Lipschitz smooth boundary, and satisfies 

^^^''(Cs) QMlnYs (cf. HSI) of lemma[3ll). 

Let T3 > be such that for all t > t^, 

5(rV^^''(C«)CG^, 

and set /f [r3,2T3]. Finally, the set 

(27) Ml :^ U Spir)c.^/iC',) (cf. C?])) 

is a compact inertial manifold for Sp in Iq. 

Define the compact inertial manifold Ai^ as follows: Given a bounded subset 
W of define the bounded set of Alf , 

Mly. := graphic, (m,) = + ^^(0 : ^ e W^} (cf. ®). 

Set 

:=A^^., Cf := |J ife(i)Cf, 

t>c= 

and define 

s>c| f>s 
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The set ^^^^^(Cl) is non-empty, compact in Xi, positively invariant under Se, pos- 
sesses a Lipschitz smooth boundary, and satisfies 

'^c^iCD ^MlnXs (cf. (HSl) of lemmaEH). 

Let t| > be such that for all t > t| , 

and set /f :— [rf , 2t^]. Then the set 

(28) Ml y (C|) (cf. (HZ])) 

re/f 

is a compact inertial manifold for in Xi . 

Remark 4.2. Recall Yq = © ^2 where 3i is a closed finite dimensional subspace 
of Yq and 32 ^i"- Since Yi C densely, then Yi —3i(B ^2 where 

% {yeYi: {y, z)y, = 0, Vz G 3i} 
(i.e., the product is in Yi rather than Yq). With this we claim, for all e G (0, 1], 

(29) Xf ^YixYo = {3i e 32) x {3i ^s) = (3i x 3i) (Sa x ^s)- 

Indeed, any x € Xi can be represented as a pair x — (u, u) for some u G Yi and 

S Yq- In turn, u = p + q and u = x + V-" for some p, x G ^i, 9 G ^2, and "0 G Ja- 
Hence, 

(p + g, X + 1/-) = (p, x) + (g, V') e (3i X 3i) e (33 x J2). 

On the other hand, let (01,02) G Ji x Ji and (&i,fo2) G ^2 x 32- Then 

(ai, 02) + (fci, 62) = (ai + bi,a2 + h) = (c, d) 
where c ^ ai + bi £ Yi and = 02 + &2 G l^o- Thus, (c, d) G Xi and ([21]) holds. 
Lemma 4.3. Suppose Si = 3i x 3i as in (^5]) . Then E]'- = J2 x 32- 
Proof. First, let 

xe^i^iyeXi: (y, z)xi = 0, Vz G Ei}. 

Since a; G Xi, by x ^ (xi + 0i,X2 + "02) for some Xi,X2 € 3i, Vi G ^2, and 
ip2 G 32- Let ^1,^2 G Ji and z = (^11^2)- Then {x,z)xi — 0, which imphes 

(Xl +^"1, 6)1-1 + (X2 +-02,6)10 = 0. 

Since ^1,^2 & 3i, while i/'i G ^2 = '3^- in Yi and ?/'2 G 3^2 = ^i" in Yq, it follows that 
both 

(V'l, 6)1-1 = and (V'2,6)yo = 0- 

This leaves us with 

(Xi,6)yi + (X2,6)io =0; i.e. ((xi,X2),(6,6))xi =0 Vz= (^1,6) e Ei; 

that is, (xi!X2) G ^t- But since (xijX2) G Ji x 3i = Ei, it follows that xi = 
X2 = 0. Thus, X = [fpiT'4'2) G ^2 X 32] that is, E5'- C ^2 x 3i. The other direction 
is analogous. □ 
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Lemma 4.4. Suppose Si = 3i x Ui as in ((29|) and set S2 = For i > 0, define 
Gl := {vl/eafcpi;52) : ||vl/(xi) - 4'(V^i)||n < ^llxi " V^illn, Vxi,^i G Ji}, 
:= e Cfcpi;J2) : ||*(X2) - *(V^2)||io < L\\X2 - ^2\\yo, Vx2 , ^/'2 e Ji } , 

and 

:={*eCb(Si;S2): ||*(x)-*(V')lki <L\\x~i^\\x„ Vx,^eEi}. 

Then glxgl = gi. 

Proof. Let L > be given and g ^ Gl, h ^ Q^. For all x ~ (xi) X2) G Si define 

/(X) := (ff(Xi),MX2)). 

After identifying 

C6pi;32) X C6pi;32) = Cfcpi x 52;3^i x ^2), 

then/eCfc(Si;S2). 

Now let X = (xi;X2) and 7/) = (i/'i,-!/'2) G Si. Then 

ll/(x) - fmix, = Mxi) - giA)fn + Mx2) - /i(V^2)|||-„ 

< L^iixi - H\n + ^'11x2 ~ V^2||^„ <L^\\x- ^A\x,- 

This shows x C Qj^. The other direction is similar: let f £ Qf^ and define 
g:-ni/GCbpi;52) and /i n^/ e C^pi; J2). □ 

Before we continue, special care needs to be made concerning the "size" of the 
compact inertial manifolds under consideration. Assume that A^g was constructed 
as above. We now construct A^l as above but in accordance with the following 
modifications; these are the compatibility criteria: 

(1) Define N* := max{A'^p*, TV^*}. Then define ^Ji := span{a;„}^^i and Si := 
3i X 3i. 

(2) Given WP d 3i, define := W?" x C Si. It follows that dini(Ji) = 
dim(Si) = N*. 

(3) Define T3 :— maxfrg , r|}. Replace T3 and t| with T3 . Also replace If and 
/| with/3* := [t3*,2t3*]. 

(4) Define c| :~ maxjc^jCf}, and replace and cf with c|. Also define := 
max{c2, cl}, and replace and cl with €2- 

Hypothesis 4.5. When e = 0, assume that the decomposition in hypothesis 13.21 
satisfies Sp — Kp. This is a regularity assumption on the semiflow Sp. 

Hypothesis 4.6. The final hypothesis we make is the following: Let rup e and 

™e — if, 9) ^ Gl ^ Si X Gl- Assume / S ^£ is such that the following holds: 
there exist C, C" > and A, A' e (0, 1], depending on / and rrip but independent of 
£, such that for all cq > + C2 + cf^ and cri > T3 + + + Cq, 

(30) sup ||5p(ao)/(x) - 5p(ao)mp(x)||n < Ce\ 
and 

(31) sup \\Sp{ai)mp{C) - 5p(ai)/(C)||n < C'^^' ■ 
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Finally we describe the singular robustness problem: Our goal is to study the 
singular robustness (i.e., robustness at en = 0) of the sets M^, e € (0, 1], with the 
set M'^. Our main question now is: 

"In what sense does Ml ^ M° ase^ 0?" 

Recall that for each e G (0, 1], the set Alf is in the product space = V3 x I2; 
however, the limit set Ai'^ is in ¥3. We know that upon lifting M'^ from Y2 into 
Y2 X Yq via the map £, we may then investigate distances between the two subsets 
in Xi, and whether ^-^3 as e — > 0. Observe, the indicated convergence is 

in the topology of Xf. This is important: the sets Ai^ and £A^3 are in Xi. The 
space Xi is endowed with the equivalent topology of Xf, and it is here that we 
study the convergence of ^ ^Ai'^. We will see why M° needs to be in Y3 later 
in the application. 

4.1. The main theorem. Define the family of sets (MD^gjo^ij in Xf by 

_l Ml for < e < 1 



(32) 



CMl when e = 0. 



The main result of this article is to show that there exist A > and (j> e (0, 1], both 
independent of e, so that 

distxf(M|,M°) < Ae-^; 
i.e., the families of sets in ([5^ are robust at Eq ~ 0. Note that we are not claiming 
that CA4° is a compact inertial manifold for in Xi. When we speak of a family 
of compact inertial manifolds, we mean the family of sets Ai^ in Xi and A^!] in Yq. 

Theorem 4.7. Let Ai'^ be the compact inertial manifold constructed above, and 
for each e g (0, 1], let A^g be the compact inertial manifold constructed as above 
while under the compatibility criteria. If hypotheses 14. H 14. 5| and 14.61 hold, then 
the family (MD^gjo^ij defined in ((32|) is robust at eo = in the topology of Xf. 

Proof. We need to show that there exist A > and cj) G (0, 1], both independent of 
e, such that 

distjf.(M|,M°) < Ae"^. 

First we consider the case, 

(33) dxf{Ml,CMl) ^ iiup inL 



aeM 



Recall, 



Ail^ U 5e(r)4=(C|)andX!]- |J 5p(t)c. J (C°). 

TG/f TG/J 



Fix t e II and a e uj%^ (C|) so that a = Se{t)a e Then 

inf \\a-b\\xf= inf \\Se{t)a ~ CSp{d)P\\xi 

pei.,"/ (c'i) 
^2 

< inf \\S,{t)a-CSp{0)(3\\xi 



COMPACT INERTIAL MANIFOLDS 



19 



for all 6' G /g. By the compatibility criterion #3, we know /f = If, so we can 
choose 6 = t- hence, 

inf^ ||a-6|U. < inf \\S,it)a - CSp{t)P\\x^, 

"2 

and, recall Se(t)a ~ a, so 

sup inL ||5eWa-6|U. < sup inf \\S,{t)a- HS^^mWi 

cGu;^/ (C|) h^CM% ag^^^e (C|) /3Ga;^/ (CO) 

''2 "=2 "=2 

< max dxi (5e(t)u;f (C|), /:5p(i)c.^^- {C%)). 

mil i 2 1-2 



Thus, 



sup sup inL ||5e(t)a-6||xi <maxaxf(5e(t)^^iCf),£5p(t)a;^p''(C°)), 



and 



sup inf^ ||a — < sup sup inf__ \\Se{t)a — bWx"^ 

aeM'^beCM" ' tell aeuj1-(Ci)b£CM° 



(34) < max9xK^s(0^et(C|)'^^f W<?''(C2)) 

< max sup inf \\S^{t)a — £Sp{t)f3\\x'= ■ 



We now estimate 

||5e(0a - CSp{t)l3\\xf < \\Se{t)a - /:5p(i)n3«|ixe 

+ ||/:s'p(t)n?a-/:5p(t)/3|U.. 

By hypothesis 14. II we have, 

\\S,{t)a-CSp{t)nla\\xf < C^e'. 

On the other hand, by expanding the square of the last norm in we obtain 

\\CSp{t)Illa-CSp{t)P\\\._ = \\{Sp{t)Illa,ESpmla) - {Sp{t)P,£Sp{m\\\i 

- \\Sp{mla - Sp{t)l3\\l^ + e\\£Sp{mla - £Sp{t)l3\\l^^. 

By the local Lipschitz continuity of £ (hypothesis 14. ip . there is L > 0, depending 
on (n?w^-(C|) U u}'^/{C^)) C Fo but independent of e, such that 

The sets nfa;^^(C|) and ^^''(Cj) are compact in Y2, so under the continuous 
image of Sp{t) we have that 

\\Sp{t)nla~ Sp{t)P\\Y^ < max \\Sp{t)nla\\Y2 + max \\Sp{t)(3\\Y^ < C2 

2 

for some C2 > independent of e. Hence, 

WLSpmla - CSpit)f]fx. < WSpmla ~ Sp{t)P\\i.^ + L^Cje, 
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and ([35]) becomes 

\\S,it)a - CSp{t)f3\\xf < C\e-< + {\\Spit)Ula - Sp{t)f3fY^ + L'Clef'^ 
< Cie-' + \\Spit)Ula - Sp{t)(3\\Y, + LC2^fe 
<C^e^'' + \\Sp{t)T\la- Sp{t)l3\\Y, 

where C3 2max{Ci, LC2} and 70 := min{i,7}, and in turn, 

sup inf \\Sfr{t)a — CSp{t)l3\\xi 

(36) 

<C^e-''>+ sup inf \\Sp{t)I{la- Sp{t)l3\\Y,. 

Now, using the compatibility criterion ^4, 

= n U W U Kp{T)n\M'y,. , 

s>cP t>s \r>cf / 

and any Ufa G Ulcj^^" {C2) can be written as Ufa = Kp{to)Kp{ro)Ul{^ + me(^)) 
for some to > Cj, tq > c^, and ^ £ H"^. By the compatibihty criterion #2, 
yV"^ — X VyP, so we can write ^ = (XjV') for some XiV" G W^. Also, by lemma 



C + rueiO = (x, V^) + rueix, i^) = (x, V") + (/(x), .glV-)) = (x + /(x), + .9 W) 

for some f ^ Gl and 5 e Consequently, 

5p(i)n?a = 5p(t)ifp(to)i^p(ro)ni(x + /(x), ^ + 5 W) 
= 5p(i)i^p(io)i^p(ro)(x + /(x))- 
In a similar fashion, we can write 

Spit)f3 = Spit)Kp{h)Kp{n)Kp{si)iC + mpiO) 
for some ti > Cj, ri > c^, si > c^, and ( € W^. Using hypothesis 14. 5[ we have, 

\\Spmla~Sp{t)/3\\Y, 
= \\Sp{t)Kp{to)Kp{ro){x + fix)) - Sp{t)Kpih)Kpin)Kp{si){C + mp(C))|ln 
= ||5p(ao)(x + fix)) - Spia,)Spis,)i<: + mp(C))||F, 

where cto ■= t + to + > + C2 + c\ and ui := t + ii + ri > + + c^- Since 
C + rUpiO e A^vvp C TWp and A^^ is positively invariant, then we may express 
S'p(si)(C + mpiO) as + nipiCi) for some Ci <eTP. Thus, 

||5p(t)n?a - 5p(i)/3|ly, = ||5p(ao)(x + /(X)) - SpicT,)iC, + mpiC,))\\Y,. 
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Fix CTo > rP + 4 + c{ and x e so that Ufa = Sp{ao){x + fix)) e T^i^c{iCI). 
Then 

inf ||5p(t)n?a-^p(i)/3||y, 

< inf ||5p(ao)(x + /(x))-5p(ai)(Ci+mp(Ci))||n 

< ^inf^ ||5p(ao)(x + fix)) - Spia^)iC^ + m,iCi))\\n 
for aU (Ti > ■'■3 + C2 + c^; in particular, we can choose cti = ctq; hence, 

inf \\Spit)Illa-Spim\y, < inf ||5p(ao)(x+/(x))-^pK)(Ci+"ip(Ci))l!n 

and 

sup inf \\Spit)Illa- Spit)f3\\Y, 

< sup inf \\Spiao)ix + fix))~Spiao)iCi+mpi(:i))\\Y, 

< sup \\Spiao)ix + fix))~Spiao)i(:i+mpiCi))\\Y, 

for all Ci € PP; in particular, we can choose Ci = x! so, 

sup inf \\Spit)nla-Spit)p\\Y,< sup \\Spiao)fix)~Spiao)mpix)\\Y,. 

Applying (PH)) of hypothesis 14.61 yields. 

sup inf ||5p(t)n?a-S'p(0/3|ln 

(37) 

< sup \\Spi<Jo)fix)-Spi<Jo)mpix)\\Y,<C4e\ 

Collecting ([33]), ([Ml), dM]), and dST]), yields, 

dxiiMlXMl) < 036-'" + C4e\ 

and therefore, 

(38) dxiiMl,CMl)<Aie'^' 

where Ai := 2max{C3,C4} and 4>i := min{7o,A}. 
The other direction is similar. Indeed, 

(39) dx',iCMlMl)= sup^ inf ||a-&||xf. 

Once again recall, 

Ml= [j SpiT)Lof/iC',) ^ndMl^ U ^e(r)c.,f (C|). 
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Fix t G /f and a e ^^f/iC^) so that a = CSp{t)a e £M^. Then 

inf ||a-&|Uf= inf \\CSp{t)a - S,{9)P\\x^, 

< inf |j£5p(Oa-5,(0)/3||A- 
"2 

for all Cz I§. Again, by the compatibility criterion #3, wc know /f — I^, so we 
can choose 9 = t; hence, 

ml\\£Sp{t)a-b\\xi< inf \\CSp{t)a - S,{t)(3\\xf, 

beMg /36a;f/(C|) 

and 

sup iid^ \\CSp{t)a -b\\x^ < sup inf \\CSp(t)a - Ss(t)l3\\xf^ 



< maxa^j J (C^), ^,(0^^ (^^1))- 



Thus, 



sup sup inf |j£5p(t)a-fe||xj <maxax.(/:5p(t)a>^'^''(C0),5e(iK'^^(C^I)), 

■=2 

and 

sup ini^ ||a — < sup sup ini^ \\CSp{t)a ~ b\\x^ 

(40) < ^T,s.^dxi{CSp{t)u:'^/{C%SS)^^{{Cl)) 

< max sup inf \\CSp{t)a — S^{t)P\\x^ ■ 

*^^3 ae^^/(cO)/3e-f/(C|) 

We now estimate 

||£5p(i)a - S,it)(3\\xf < \\S,it)(3 - CSpmlf^Wxi 

+ \\CSpit)UlP-CSp{t)a\\xf. 

By hypothesis 14. II we have, 

\\Se{t)P - CSp{t)Ulp\\x'^ < C,e\ 

On the other hand, 

WCSpmlP ~ CSpit)a\\j,. = \\{SpmlP,£SpmlP) - (5p(i)a,f^p(i)a)|!|. 
= \\Sp{t)nlf3 - 5p(i)«|||,^ + e\\£Sp{t)Ulf3 ~ £Sp{t)a\\l-^^. 

By the local Lipschitz continuity of £ (hypothesis 14. ip . there is L > 0, depending 
on {nluj^,'{C^) U uj%''{C^)) C Yo but independent of e, such that 

||£:5p(i)n?/3-£:5p(t)a|||.„ < L^SpmlP ~ Sp{t)a\\'Y,- 
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The sets nfcj5'(C2) and uj^p''{C2) are compact in Y2, so under the continuous 
image of Sp (t) we have that 

\\Sp{t)IllP - Spit)a\\Y, < max ||5p(t)n?/3||y, + niax \\Spit)a\\Y, < C'^ 

2 C2 

for some C2 > independent of e. Hence, 

WLSpmlP - £Sp{t)a\\% < WSpmlP - Sp{t)a\\l-^ + L^C'^^e, 
and ((4T|) becomes 

/ / \ 1/2 

\\CSp{t)a - S,{t)(3\\xi < C[e< + (\\Sp{t)Iil[3 ~ Sp{t)afy^ + L^Cie) 

< C[e^' + \\Spit)Ulf3 - Spit)a\\Y, + LC'^Ve 

<C'^e< + \\Sp{t)a-Sp{t)nl(3\\Y, 

where C3 :— 2max{C(,LC2} and 7g := min{i,7'}, and in turn, 

sup inf \\CSp{t)a-SS)P\\xi 

ae^^/(c«)/5e-f/(C|) 

(42) 

<C^eTo+ sup inf \\Sp{t)a- Sp{t)IllP\\Y,. 

^^2 

Recall that by using the compatibility criterion ^A, 

s>4 t>s \r>c'i 

and any n?/3 e nfw^=(C|) can be written as nf/3 = i4:p(to)-ftrp(ro)n}(^ + rn^{0) 
for some to > c^, ''0 > c?) and ^ G W"^. Again, by the compatibility criterion #2, 
= X VV, so we can write ^ = (x,'0) for some x,')/' G Also, by lemma 



C + me(0 = (X, ^) + me(x, ^) = (X, V-) + (/(X), 9{i^)) = (x + /(x), ^ + 5 W) 
for some f £ and g E G^. Consequently, 

Spit)ulp - 5p(i)A'p(to)ifp(ro)n}(x + fix), ^ + gm 

^Sp{t)Kp{to)Kp{ro){x + f{x))- 
In a similar fashion, we can write 

Sp{t)a - 5p(0Xp(ti)ifp(ri)ifp(si)(C + mpiO) 
for some ii > d^, ri > cf, si > Cq, and G W^. Using hypothesis 14.51 we have, 

\\Spit)a ^ Sp{t)nlf3\\Y, 
= ||5p(t)i^p(ti)ifp(ri)i^p(si)(C + mp(C)) - 5p(Oi^p(io)ifp(ro)(x + /(x))lln 
= \\Spia,){C + mpiO) - Sp{ao)ix + /(x))l|y, 

where ci :— t + ti +ri + si > + C2 + c^ + Cq and ctq := < + to + > + c^ + c 
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Fix ao > + 4 + 4 and x G so that Hf/J = Sp{ao){x + fix)) e n3o.|-(C|). 
Then 

inf ||5p(i)a-5p(i)n?/3|ly, 

/3Ga;f/(C|) 

"2 

< inf J|5p(ai)(C + mp(C))-5pM(x + /(x))||n 

< inf ||5p(ai)(C + m^(C))-5pM(x + /(x))lln 
for ah (Jo > t!^ + C2 + c\] in particular, we can choose ctq = cri; hence, 

inf \\SAt)a~SpmlP\\Y, < inf ||5p(ai)(C + mp(C))-5p(ai)(x + /(x))lln 



and 



sup inf \\Spit)a- Sp{t)nll3\\Y, 

CeWP/36ajf/(C|) 



< sup inf \\Sp{a,)iC + mp{C))-Spiai){x + f{x))\\Y, 

< sup ||5p(ai)(C + mp(C))-5p(ai)(x + /(x))lln 

C6WP 

for ah X G W^; in particular, we can choose x = C; so, 

sup inf \\Sp{t)a - SpmlPWr, < snp \\Sp{ai)mpiC)~Spiai)fiC)\\Y,. 
Cewp /3eaj^^ (C|) cewp 

Applying (|3ip of hypothesis 14.61 yields. 

sup inf \\Sp{t)a ~ Sp(t)Ill(3\\Y^ 

(43) 

< sup \\Sp{c7i)mp{C) ~ ^p(fTi)/(C)lln < C'^^^' ■ 
Collecting dMI, dini), (in, and dig), yields, 

and therefore, 

(44) dxi{M%,liM%)<k2e^- 

where A2 :— 2 max{ (73,6*4} and 02 := niin{7Q,A'}. Furthermore, combining 
and ([ii]) we conclude 

distx-(M^,M^) < Ae"^ 

where A := max{Ai, A2} and :— min{0i, and therefore the family (MD^gfo^ij 
is robust at = in the topology of X\. □ 

At this time we cannot show hypothesis 14.61 also holds for the model problem; 
howeyer, we are able to show that a different yersion of hypothesis 14.61 holds to giye 
us a weaker result. 

5. The Model Problem 

In this section we show the hypotheses O [121 [331 [Ml [SIHl IHTB [13 

and a weaker yersion of 14. 61 hold for a dissipatiye eyolution equation under a singular 
perturbation of hyperbolic relaxation type. 
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5.1. The framework. We summarize some important facts about the Laplace 
operator here. These facts are crucial for the framework of both the parabolic and 
the hyperbolic problems. Let il — (0, tt) C R^. Let A := — A where 

D{A) ^ H^{0,n)nH^{0,TT) 

denotes the domain of the Laplacian in L^{0, it) with Dirichlet boundary conditions 
on f2 (and from now on we will omit the domain O = (0, tt) from the spaces; e.g. 
i2(0,^) 

(1) The operator —A — A generates a C°-semigroup (in fact, an analytic semi- 
group) on (cf. e.g. ^ §7.4.3], |23j §9.2, Ex. 4], or [271 Chap. 7, Thm. 
2.7]). 

(2) Recall = (L^)' . Also, 

densely and continuously, with compact injection ^ L^. (Concerning 
the density of the imbedding ^ L'^, see [Ml §11.1.2].) 

(3) A = -Ae C{H^,H-^) is self-adjoint and strictly positive (cf. [H §A.5.5]). 
Consequently, the operator A~^ = (— A)~^ G ^{L^, L^) is compact and the 
operator A = —A admits a countable set of real eigenvalues {Xn}'^=i with 
a corresponding orthonormal system of eigenfunctions {i^nj^i spanning 

Now we can define, for s >0, Hg := D{A'^^^). Recall, the imbedding 

Hr ^ Hs 

is continuous and compact whenever r > s > (cf. [231 §A.5.5 & Thm. A69]). 

The problem under consideration is an autonomous (weakly) damped Klein- 
Gordon wave equation with a singular hyperbolic perturbation; or in other words, 
we consider the Chaffee-Infante reaction diffusion equation with a hyperbolic relax- 
ation 

(45) eutt + ut — Au + — u = f in Q, 
for e G [0, 1] and f E L^, with Dirichlet boundary conditions 

(46) u(t,0) = u(t,7r) = 0, 
and initial conditions 

(47) u{0, •) = uq, eut{0, •) = eui. 
We set Y, = Hi, for i 0, 1, 2, 3, and let 

Xk = Hk x Hk^i, fc = l,2,3, 
be endowed with the norm whose square is given by, for (u,w) G A"fe, 

= 11-11?^ + ll^'llti = \\A'"M' + \\A('-'^^M' 

Here, || • \\k denotes the norm in Hk, || • || = || • ||o denotes the norm in L^, (•, •) 
denotes the product, and we denote by | • |p the norm in L^, 1 < p < oo. For 
e € (0, 1], consider in Xk the equivalent e-weighted norm whose square is given by 

\\{u,vm. \\u\\l + e\\v\\U = \\A'^/M' + eU^'-'^^M' 

and call the corresponding normed space. Recall, when e = Q, the space X^ 
reduces to the first component Hk — D{A^^'^). 
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Before we establish the hypotheses for both the parabohc problem and the hy- 
perbolic problem, observe that the spaces denote a regularized energetic phase 
space for the parabolic problem; e.g., X'^ = Hq rather than X^ = L^, the natural 
setting for the parabolic problem. For the construction of the robust family of com- 
pact inertial manifolds, our base phase space will be Xf — Hq x for e E [0, 1], 
so an extra regularity result is expected from the parabolic problem. However, 
for the hyperbolic problem, the product structure of Xf is natural and no further 
difficulties from our choice of the base energetic phase space should result. 

5.2. The parabolic problem. In the parabolic case, problem (|45 | - (|47p can be 

written as the abstract Cauchy problem: 

(48) ^+Aouit)^Foiuit)), t>0 

at 

with the initial condition 

(49) u(0) = uo, 

where Aq — —A, Fo{u) — f — + u, and uq, f G L^. 

The spaces defined above by Yi — Hi, i = 0, 1,2, 3, satisfy hvpothesis 13.51 We 
will show that Aq — — A satisfies the spectral gap condition relative to the Lipschitz 
constant of Fq below. 

We know that the map g given by g{u) = — u is locally Lipschitz continuous 
from Hq into L^, so it follows that Fo{u) = f — g{u) is as well. Indeed, given 
M > 0, and it, u G H^ with ||u||i < M and < M, then 

\\Foiu) ^ Foiv)\\ < \iu^ + uv + v^' - l)U\iu ~ v)\\ <CM\\u-v\\i, 

where the constant C > depends on the imbedding Hq ^ L°° . But we are 
required to meet the stronger condition that _Fo G Cb{L^,L^) satisfying the global 
Lipschitz condition Q for ipg > 0, depending on Fq but independent ofx,y G L^. 
To obtain this, we modify Fq outside an absorbing set of (which is yet to be 
determined) making Fq both globally bounded and Lipschitz continuous from 
into L^. When this is at hand, we borrow fH", §5.7.1] where it is shown that 
Aq — — A satisfies the spectral gap condition relative to the modified nonlinearity 
Fq (defined below). 

To modify the nonlinear term Fq, foi 5 > \ and choose a function 7 € C^(K) 
such that 

|7(r)| < 2<5 - 1 and |7'(r)| < 1 Vr e M, 

and 

7(r) — r when \r\ < S. 

Then we set 

Fo{u) :=/-(7(u))3+7(«). 

Following [24j Prop. 5.51], we claim the following (the authors assume / = 0; 
however, the same claim holds). 

Lemma 5.1. For any (5 > 1, Fq is globally bounded and Lipschitz continuous from 
into with Lipschitz constant 

(50) := 1 + 3(25 -1)2. 
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Proof. The boundedncss of Fq in follows from the boundedncss of 7 on M; indeed, 

\\h{u)\\ < 11/11 + biu)\l + Uu)\\ < 11/11 + (2^ - 1)0F(1 + {2d - If). 
For the Lipschitz continuity of Fq from into , 

||Fo(u) - F,{v)r = r l(7("))' + liuhiv) + h{v)r - iHtH - 
Jo 

< (3(25- 1)2 + l)2||ti-t;||2. 

This proves the claim. □ 

Lemma [Ol establishes hypothesis 12. II We are now in a position to show that the 
spectral gap property holds for the operator Ao — — A with respect to the modified 
nonlinearity Fq. We need to find Np £ N such that the eigenvalues of Aq ~ —A 
in with domain n Hq satisfy ([5]). Recall fl = (0,7r), so the eigenvalues of 
Ao = are A„ = n^, n = 1, 2, 3, . . . (cf. e.g. [H Ex. 2.19]). Thus condition © 

reads 

{Np + 1)2 - {Npf > 4(1 + 3(2(5 - 1)2), 
and hence, is satisfied if and only if 

(51) Np>2A5{5-l) + ^. 

Denote by Np^ the minimum integer Np satisfying ([5T|) . 

This establishes hypothesis 12 . 21 fwith parts 3 & 4). Consequently, for each uq, f £ 
Li^, there is a unique mild solution to the IVP (|48l)-(l49l) satisfying, for aU t G [0, T], 

(52) u{t) = e^*uo + /* e^(*^^)(/ - {u{T)f + u{t)) dr. 



We do not yet define the Lipschitz continuous parabolic semifiow Sp{t) : ^ 
through the mild solution since, as we will see below, such solutions are also weak 
solutions. Proceeding, given (5 > 1 we can determine ip^ as in ((50)) above and 

choose integer iVj, satisfying ([5T|) . With these we set 3i span{ci;„(x)}^^j. We 
know uJn{x) = sin(nx), for n = 1, 2, 3, ... , are the eigenvectors of Aq = —-^ in L? 
with domain fl H}^ (these are the eigenvectors corresponding to the eigenvalues 
A„ = mentioned above). Also set ^2 ■ Then, by [24l Thm. 5.42] for 

example, there exists a map 

mp e e,^^ := e a(3i;32) : |l*(x) - *(V')|1 < ^^^Jlx-^ll Vx,V' G 

such that the subset of defined by the graph of rup on 3i, 

(53) Ml graph(mp) - + mp(e) : ^ e Ji}, 

is an inertial manifold for Sp (defined below) in . 

Let T > Uq £ , and / £ H^^ . A function u is called a weafc solution to the 
parabolic problem, 

r Ut-Au + u^~u^f in (0,7r) X (0,r) =: Q 

(54) i u(t,0) = M(t,7r) = 
[ u(0, •) = Uo, 

on the interval [0, T] if 

(55) u£C{[Q,T]-L^)r\L'{Q,T-Hl)fM\QT), 



T 
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and for all 

e 7^(0, T) := {h e L2(o, t- i/i) : ht G L\0, T; if-^), /i(T, •) = 0} n L\Qt), 
there holds 

f-T 

-(u, ipt) + (\7u, \/(p) + {u^ - u, ip)dt 



(56) 



T 

{f,f)H-^xm dt + {uQ,ip{0)). 



(Again, the term {f,ip)H-^xH^ denotes the dual pair of / e H^^ and ip £ Hq 
defined by, through the Riesz representation theorem, (/, ip)h-^xh^ — /o fv dx.) 

It is well-known that for all T > 0, wo G i^, and / e H^^ , there exists a unique 
weak solution u of the parabolic problem ()54p . Moreover, the solution depends 
continuously on the initial data uq, and the function t i— > ||u(t)|j is absolutely 
continuous on [0,T] (cf. [24, Prop. 3.7 & Thm. 3.9]). Concerning the regularity of 
the weak solution, when uo G and f E L^, the weak solution to the parabolic 
problem satisfies 

(57) u £ C{\Q,T]:Hl)n L'^{0,T;H'^), m e L^{0,T; L^). 

Moreover, the function t i-^ \\Wu{t)\\ is absolutely continuous on [0, T] (cf. [531 
Thm. 3.9]). Hence, the maps 1 1-^ ||u(i)|| and 1 1-^ \\Wu{t)\\ are differentiable almost 
everywhere (cf. e.g. pO] Chap. 5, Cor. 12]). 

We should mention that the proof of the existence of weak solutions by the 
Galerkin method shows that a finite set of ODEs (obtained by "projecting" the in- 
finite dimensional problem onto a finite dimensional subspace spanned by a finite set 
eigenvectors of the Laplacian) possesses a maximal solution; e.g., for t € [0, imax), 
for some tmax G (0, T]. Then with the use of an a priori estimate, we show that 
the approximate solutions cannot exhibit blow-up behavior as t ^max- Thus, 
imax = T, and by the arbitrarity of T > 0, we may indeed investigate the "global 
behavior" of the weak solutions u{t) as i — > oo. 

We already have shown the existence of a mild solution given uo, / E L^, and it 
is easy to see that the solution given by ((52)) is also a weak solution. Indeed, since 
/ is assumed to be in for the mild formulation, the dual pair is replaced with 
the product (/, </?), and §Q holds if and only if for all if e 7^(0, T), 

i-T 

{ut - Au + u^ - /, If) dt = 0. 







But u satisfies the PDE in (jM]) and hence the mild solution u is also a weak solution. 
In any case we define the Lipschitz continuous parabolic semiflow Sp{t) : 
through the weak solution: 

(58) Sp{t)ua{x) -.^ u{t,x,uo). 



From (j55p and ((57)) . we infer that the semiflow Sp defined by ((58)) is continuous 
in L^, and in Hq, leaving us to later verify hypothesis 13.81 for j — 1,2. 

Concerning hypothesis 13.21 we note that no decomposition is required in the 
parabolic case. Indeed, it is well-known that for uq, f E L^, and for all t >\n2, 

(59) \\uml<-^<2C, 
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where here C > can be expHcitly computed to be C = 2(2||/|p + ||uo|P + 
(cf. [m §3.3.3]). So in this case we set (triviaUy) Zp = and Kp — Sp, and deduce 
hypotheses 13.21 and also 14.51 in anticipation of hypothesis 13.61 we set = In 2. For 
hypothesis 13. 6i it remains to determine and c^. We wih show hypotheses 13.61 
and l3.8l for j = 1,2, as well as hypothesis l3. 101 hold for the parabolic problem using 
standard regularity methods. 

Lemma 5.2. Let uq, f G L^. There is C > such that for all t >\n2, 

||Au(t)||2 dr <C+{\\f\\^ + C)t. 



I In 2 

Proof. Multiplication of the PDE in (IM)) in by —2Au{t) yields, for almost all 
t>0 (neglecting the argument t), 

(60) ^""^""^ + 2|| Aw|p + 6(u'^Vu, Vu) = 2(/ + u, -Au). 
Estimating the right hand side for t > ln2 giyes, 

2{f + u,~Au) < ||/||2 + ||Aii||2 + 2||Vii||2< ||/||2 + ||Aw||2 + C, 

where C > depends on the uniform bound with respect to t > In 2 on the solution 
u{t) in Hq (see ([59|) (also, this is why we need uq e L^). Thus, omitting the 
positive term 6(m^Vu,Vu) in (j60p and applying the above estimate, we have for 
almost alH > ln2, 

(61) ||lVu|p + ||Au||2<|l/||2 + c. 
Integrating (pT|) yields, for alH > ln2, 

\\Vu{t)f+ f \\Au{T)f dT <\\^u{\n2)f + {\\ff + C)t. 

Jin 2 

Since ||Vii(ln2)|| < oo, the claim now follows. □ 

Lemma 5.3. Let mq G L^ and / G Ll^ . Then u is uniformly bounded with respect 
to t from [In 3, oo) into . 

Proof. We formally multiply the PDE in ^ by 2(e* - 2){-AYu{t) in to obtain 
(temporarily suspending the argument t from u again), 

4 ((e* - 2)||Au||2) + 2(e* - 2)||VAm||2 
at 

(62) = e*|| Au||2 + 2(e* - 2)(/ - + (-A)^^) 

= \\Auf + (e* - 2)(2/ - 2u^ + 3u, (-A)^u). 

The multiplication above is only formal since we do not know that VAu(i) G L^ 
when Uq G and / G moreover, — Au does not satisfy the Dirichlet boundary 
conditions; i.e., we do not yet know that ||VAu|| < oo or 

(-Am, {-Afu) = (VAu,VAu). 

To justify ([62|) . the following estimates can be verified for the Galerkin approxima- 
tions of u which would be used to determine the existence of a weak solution; then 
one argues that the same estimate holds in the limit for the solution u. To obtain 
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Auj^Q — 0, we need to use the Galerkin basis given by the eigenfunctions of the 
Laplacian with Dirichlet boundary boundary conditions; i.e., for n S N, 

then Aw„|gQ = 0. The reader is referred to, for example, 24, Thm. 3.9] or [3TJ 
Chap. Ill, Thm. 1.1] for further details. 

Using the fact that / € li^ and a weighted Cauchy inequality, the product on 
the right hand side of ([5^ can be controlled by 

{2f - 2u^ + 3u, (-A)'u) < — ||V/||2 + 2||VAu||2 + 22.\\u^yu\\^ + ^\\Vu\\\ 

4 4 8 

Recall that Hq ^ L°° since = 1, and recall that m{il) ~ tt; also, since u{t) is 

uniformly bounded with respect to i > In 2 in Hq , there is C > such that 

(63) f h^v.f + fiivuf < ^-^MutlWuf + fiivuir < a 

Then ([S^ becomes 

(64) I ((e* ^ 2)11 Auf) < llA^f + e* (^^||V/f + . 
With the aid of lemma [521 integration of (jM]) yields for all t > In 2, 

(e* - 2)||Au(i)||2 < f ||Au(r)||2 dr + Ce' < C + Ct + Ce* < Ce*, 

J In 2 

where now C denotes a sufficiently large generic constant, now also depending on 
/, but independent of t. Therefore, for alH > ln2, 

\\Au{t)r < 



and the claim follows. □ 

Lemma 5.4. Let uq E L? and / e . There is C > independent of t such that 
for all t > In 3, 

ft 

||VAu(r)||2 dr <C+ (3||V/|p + C)t. 

/In 3 

Proof. Multiply the PDE in ^ in by 2(-A)2u(t), we obtain for almost aU 
t > 

— ||Aw||2 + 2||VAw||2 = 2(/ -u^ + u, (-A)^u). 
dt 

The map t i-^ \\Au{t)\\ is absolutely continuous (cf. 31, Chap. II, Lem. 3.2] 
and also [3H Chap. 3, Lem. 1.2] for more details). The right hand side above is 
controlled by 

3||V/f + ||VAu||2 + C, 
where C > is similar to the one found in ()63|) but now follows from lemma [5731 
This gives 

^\\Auf + \\VAu\\'<3\\Vf\\' + C, 
dt 

and, integrating over [ln3, oo), 

\\Au{t)\\'+ f ||VA«(t)|P dT< |lAu(ln3)f + (3|lV/|p + C)t, 

Jin 3 
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from which the claim foUows. □ 

Lemma 5.5. Let uq G and / G . Then u is uniformly bounded with respect 
to t from [ln4,oo) into . 

Proof. Formally multiply the PDE in jM]) by 2(e* - 3)(-A)3u(<) in to obtain, 

|((e*-3)||VA^.f)+2(e*-3)||A2^ir 

(65) = e*||VAw||2 + 2(e* - 3)(/ - + u, {-Afu) 

= ||VAw|p + (e* - 3)(2/ - 27? + 3u, (-A)^?/). 

Using the facts that is bounded, n iJg ^ ^ now that u is 

uniformly bounded with respect to t in ^ n iJg for i > In 3 thanks to lemma 15.31 
there is a constant C > 0, uniform in t, such that 

(2/ - 2^3 + 3m, (-A)3u) < ^11 A/||2 + 2|| A^ulp + C. 

Then becomes 

(66) I ((e* - 3)11 VA^f) < |1 VA^lp + e* (^^|1 A/|p + . 
With the aid of lemma [5^ integration of ((M)) yields for all t > ln3, 

(e* - 3)|lVAu(i)|l2 < /" \\VAu{T)f dr + Ce' <C + Ct + Ce* < Ce*, 

Jin 3 

where now C > denotes a sufficiently large generic constant independent of t. 
Therefore, for all t > ln3, 

||VAu(t)|p< 

and the claim follows. □ 

Remark 5.6. From [24, §3.3.3] and the conclusions of the proofs of lemmas 15.31 and 
15.51 observe that the estimates 

Ce* 

H"WII.Vi< ,._(^- + l) <2g, J =0,1, 2, 

hold whenever t > \n{j + 2). This in fact establishes hvpothesis 13.61 with 
\n{j + 2). Observe that this choice is not sharp; of course our choice is dictated 
by definiteness and aesthetics. Below we given further estimates which motivate 
the justification of hypotheses [3?8] (for j = 1, 2) and 13.101 for the parabolic problem. 
Indeed, the follow lemmas are used to provide the existence of a positively invariant 
absorbing set in the spaces L^, Hq, and n Hq. 

The following lemma applies to a general case but will come in to use immedi- 
ately. 

Lemma 5.7. Let / e AC{[a, b]) and a, (3 G L^{a, b). If for almost all t € [a, b] 

< ait) + Pit) fit), 

then 

fit) < fia) exp ( I Pis) ds) + / cxp f / /3(s) ds) air) dr Vt G [a, b]. 
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In particular, if a and (3 are constants with /? 7^ 0, then 

fit)<e^'f{0) + ^{ef''-l) Vte[0,r]. 

Proof. Cf. J^, Proposition 2.63]. □ 
Lemma 5.8. Let uq, f G L^. Then for all t > 0, 

\\uit)r<e-''\\uor+^{3v^+\\m. 

Proof. The proof is taken from [H Prop. 3.12]. Multiply the PDE in ^ by 2u{t) 
to obtain, for almost alH > (neglecting the argument t), 

(67) j^Wuf + 2\\Vuf + 2\u\i = 2{f + u,u)< 30F+ H/lP + \u\i 
Recalling the Poincare inequality on ~ (0,7r), then 2||u||^ < 2||Vu|p, and 

±\\ur+2\\ur <3v^+\\fr. 

The claim follows from the linear differential inequality (Lemma 15. 2p . □ 
Lemma 5.9. Let uq G Hq and / £ L^. Then for all t > 0, 

(68) ||V7.(i)||' < e-*/2(||wof + llVuof ) + 2(3^^ + 2||/|p). 

Proof The proof is similar to [24l Prop. 4.6]. Multiphcation of the PDE in ([54]) in 
by —2Au{t) yields, for almost alH > (neglecting the argument t), 

4ll Vulp + 211 Awf + 6(u'^Vu, Vu) = 2(f + m, -Au). 
at 

Estimating the right hand side gives, 

2(/ + w,-Au) < \\f\f + \\Auf + 2\\\/uf. 

Thus, omitting the positive term 6(u^Vu, Vu) in (I60p and applying the above esti- 
mate, we have, for almost alH > 0, 

|||V«f + 11 Auf< 11/112 + 2||V«f. 
Adding in ^ to ^ yields, 

(69) |(h|p + llVulP) + \\Aur < 3V^+ 2|l/|p. 
Using the Poincare type estimate, 

li\\ur+\\vu\\')<\\Aur, 



+ llVwIl') + -{\\uf + \\Wuf) < 3V^+ 211/11 



then becomes, for almost alH > 0, 

|(ll«f + liv.il Vii 

Now using the linear differential inequality (Lemma l5.2|) we have that for alH > 0, 

\\u{t)f + \\\/u{t)r < e-*/2(hof + llVziof ) + 2(3V^+ 2|l/f). 
The claim now follows. □ 
The following lemma establishes hypothesis 13.81 for the case j — 1. 
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Lemma 5.10. For any T > 0, uq G i/^ n Hi, and / e 

ueC{[Q,T]]H'^r\Hl). 

Proof. We will begin by showing that u E L^{0,T; H^). Formally multiply the 
PDE in jSll) by 2{~A)'^u{t) in to obtain, for almost all t e [0, T], 

(70) |||A^.|p + \\VAu\\' < y IIV/IP + C\\Vuf + ^\\Vu\\^ 

where the constant C > is due to the imbedding ^ L°°. As in lemma [5731 
the following estimates can be justified for the Galerkin approximations of u on the 
Galerkin basis given by the eigenfunctions of the Laplacian with Dirichlet boundary 
boundary conditions. By integrating (|70p with respect to t on [0, T], we have 

r ||VA^.(<)||2 dt + \\Au{t)\\^ < \\Auof + ^\\S/f\\'T+ 
Jo ^ 

+ / C(||Vu(t)||f^ + ||VM(t)f) dt. 
Jo 

Integrating over [0,T] produces, 

/ \\\/u{t)\\^ dt <CT, 
Jo 

where C > depends on uq, f and fi. Moreover, 

/ \\\/Au{t)\\^ dt<CT, 
Jo 

and u e L^{0,T;H^). 

Once we also show that ut € L'^{0,T; H^), the claim follows from [211 §1-2, 1-3] 
(or see [24', Thm. A.80]). Formally multiply the equation by -Aut{t) in 
to produce 

\\Vu,r + < 4IIV/IP + i||Vu,|P + 12V^|^^|Ll|Vu||^ 

which is 

i||Vu,|r + i|||A.|r<4||V/|r + C 

where C > depends on the imbedding Hq ^ L°°. Integrating with respect to t 
on [0, T] yields 

/ ||Vut(r)||2 dr < ||Auo||' + 8||V/||2t + CT. 
Jo 

Thus, Ut e L2(0, T; i/^) and the claim follows. □ 

Now we show hvpothesis 13.101 before finishing the justification of hvpothesis 13.81 
To show hypothesis 13.101 we construct an a priori estimate from which we deduce 
the existence of a bounded absorbing positively invariant closed ball 

= B°{Oy,) {xeH'n Hi : ||x||3 < pi). 

Lemma 5.11. For all Uq G H^ H Hi and / G H^ , there exists pg > such that the 
ball i?3 (0, pg) in H^ n Hi is absorbing and positively invariant for Sp in i?"^ n Hi. 
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Proof. Formally multiply the PDE in ((54|) by 2{—A)^u{t) in to obtain, for almost 
all t > 0, 

|||VA«|p + 2\\AM' < 4IIA/IP + \\AM' + 8|| Au|p + 24\u\l\Vu\t 
< 4||A/f + II A^ull^ + 8||Au||2 + C||Vu||^ + C||Vii||^ 

where the constant C > is due to the boundedness of fl and the imbedding 
Hq ^ L°° . As in lemma 15.31 the following estimates can be justified for the 
Galerkin approximations of u on the Galerkin basis given by the eigenfunctions of 
the Laplacian with Dirichlet boundary boundary conditions. Now we employ the 
imbedding H'^ ^ H'^ in the second term above, then we employ remark 15.61 to 
bound the sum 8||Au|p + C||V'u||'' + CUVwH^ independently of t > 0; and since 
uq E n Hq, for all t > 0, there is a generic constant C sufficiently large, but 
independent of such that 

j^\\VAuf + c\\VAuf<C. 

With the aid of ^24, Prop. 2.64], we conclude that the ball S§(0, y/Cjc) in H'^DHl 
is positively invariant, and that, the ball -83(0, for any > \fcjc^ is absorbing 
and positively invariant. □ 

Lemma 5.12. For any T > 0, uo e n Hq, and / e H'^, 

Proof. Integrating ([71]) on [0,T] shows u G L'^{0,T; H'^). After (formally) multi- 
plying JMl) in L2 by 2(-A)M(t), integrating on [0,T] shows u* G L'^{0,T; H'^). The 
claim then follows by [HI §1.2, 1.3] (or see [H Thm. A.80]). □ 

Lemmas 15.101 and 15.121 complete hypothesis 13.81 

We conclude that the parabolic semiflow Sp admits a compact inertial manifold 
M° in satisfying ([?f)) . Let be a bounded subset of 3i and define Cq := My^p 
as in Then the sets 



are bounded in Xj_^_^, for j = 0, 1, 2. Let 



4' (^2) U ^pW^2 



and Uq e ^^"((72). Set 




if</(C2")CG0 



otherwise. 



The constants C, c > were given in the proof of lemma [5. Ill and p\> ^ was given 
in lemma 15.111 Then we are ready to conclude that the set defined by 

is a compact inertial manifold for Sp in L? . 



COMPACT INERTIAL MANIFOLDS 



35 



5.3. The hyperbolic problem. In the hyperbolic case, problem (|45|) -(|47 |) is writ- 
ten as the abstract Cauchy problem: 

(72) ^ + A,Uit) = t > 

with the initial condition 

where 



f/(0) = (mo,ui)' 



and ua e H^, uij & L'^. After we establish hypotheses O [221 1321 O [321 EI 
and 13.101 which are enough to show the existence of a family of compact inertial 
manifolds {M^)^^(^q^i] in Xf for the hyperbolic case, we will return to hypothesis 
14.11 and a weaker version of hypothesis 14.61 Note that hypothesis 14.51 is not used in 
the hyperbolic case. 

In a similar fashion, the spaces defined above by Xk = Hk x Hk-i, k — 1,2, 3, 
satisfy hypothesis [331 The operator —A^ above generates a C°-semigroup on Xf 
(cf. [H §7.4, Thm. 6], or [231 §12.2, Thm. 3] with [H Thm. 6.1, p. 38]). It is 
well-known that the eigenfunctions of the Laplacian form an orthogonal basis in Hq 
which is orthonormal in (cf. e.g. [H §6.5, Thm. 1]). (Thus, the product space 
Xf contains a countable orthogonal basis, and Xf is separable.) We also know that 
the modified nonlinearity 

(73) F,{U) = {0,f-{j{u)f+j{u)f, 

where 7 was given above, is both globally bounded and Lipschitz continuous on 
Xf. So far this establishes hypothesis 12.11 With this, we then show that for e 
sufficiently small, the operator satisfies the spectral gap condition relative to 
the modified nonlinearity Fe{U). 

Lemma 5.13. The map F^{U) : Xf Xf defined in (|73p is globally bounded and 
Lipschitz continuous with Lipschitz constant (.^^ := 3(2(5 — 1)^ (this is the same 
constant used for the parabolic problem given in (|5D|) ). 

Proof. Since 

the claims follow from lemma [5Tl □ 



Our aim now is to show that when e is sufficiently small, satisfies the spec- 
tral gap condition relative to the modified nonlinearity F^. Following [531 §5-7.2], 
introduce the "time rescaled" unknown 

w{t, x) u{y/et, x); 

w solves the equation 

wtt + A=wt - Aw = / - g{w). 

We set a :— and consider the equation (after re-naming w back to u) 

utt + 2aMf - Au^ f - g{u). 
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This equation is equivalent to the Cauchy problem (TfS]) where now 

- {\ J^) ■ 

Observe that the eigenvalue equation, 

A,U = /iC/, U = {u,v) e XI 

is equivalent to the system 

J V = —jiu 

1 — Au + 2q:w = jiv. 

Thus u e satisfies — Au = (2q;/j, — n^)u and 2a/i — fi^ is an eigenvalue of —A 
with respect to Dirichlet boundary conditions. As usual, let us denote by 
the sequence these eigenvalues, then 

2a^i - = Xj , j e N. 

For each j £ N this equation has two solutions given by 

fi — a ± \J ~ Xj . 

Recall that the eigenvalues of — A with respect to Dirichlet boundary conditions on 
V, = (0, tt) satisfy 

< Ai = 1 < A2 < • • • < Afc < • • • . 
So when < 1, then < Xj for all j E N and all the eigenvalues of are complex 
with the same real part; precisely, 3?(/i) — a, and consequently, the spectral gap 
condition cannot hold. On the other hand, when > Xj for some j G N, i.e. 
e < < i, the first j eigenvalues of are real, with at least two being distinct, 
and we may investigate whether condition ([5]) holds. We cite [24l Thm. 5.44] 
where it is shown that there exists Ss G such that for all e € (0,es], A^ 

satisfies condition ([5|) relative to Fe- 

This establishes hvpothesis 12.21 (without parts 3 & 4); indeed, A^ is not self- 
adjoint (cf. e.g. [H Lem. 3.1]) so part 4 of hvpothesis [2T2l cannot hold. Define 
the Lipschitz continuous hyperbolic semiflow S'£(t) : Xf XI through the mild 
solution by 

(74) Se{t){uo,ui){x) := {u{t,x,uo,ui),ut{t,x,uo,ui)). 

By [24l Thm. 5.44] there is an integer iV^ > 1 so that condition ([S]) holds. With this 
set El := span{cj„(a;)}^^j^, where ojnix), for n — 1, 2, 3, ... , are the eigenvectors of 
Af, in Xi with domain X2- Also set E2 '■— '^i- Then there exists a map 

m, e g,^^^ := {VI/ e a(Si; E2) : ||*(x) - *(V')lkf < ^fWx " V'lk,^, Vx, V e Si} 

such that the subset of Xf defined by the graph of on Si, 

(75) M\ graph(me) = {C + m,(e) : ^ € Si}, 

is an inertial manifold for Sp in XI. Again, a specific choice for 5 > 1 will be made 
later after we show the existence of the absorbing set G% per hypothesis 13.101 

To prepare for the compatibility condition later, denote by TV^* the minimum 
integer N;, such that condition ([5]) holds and define 

N* := max{iVp,,7V„}. 
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For the hyperbolic case, we know that for any T > 0, uo G -ffp, ui G L^, and 
f E L^, the weak solution the hyperbolic problem 

{eutt + ut — Alt + u'^ — u = f 
u(i,0) = u{t,Tr) = 
U{0, •) = Uo, Ut{0, •) = Ml 

satisfies 

(77) ueC{[0,T]-H^)nC\[0,T];L^), 

and when uq e H^DHq, ui e i/p, and / G i?^, the weak solution to the hyperbolic 
problem satisfies 

(78) uEC{[0,T];H^nHl}nC\[0, T];H^) D C\[Q, T]-L^). 

Moreover, the function 1 1-^ \\\7u{t)\\ + \\ut{t)\\ + \\eutt{t)\\ is absolutely continuous 
on [0,T] (cf. m Thm. 3.20]). From ^ and we infer that the semiflow 
defined by (|74p is continuous in Xf and Xf, leaving us to later verify hypothesis 
EH for j = 2. 

In the hyperbolic setting, we know the continuous semiflow admits a decom- 
position in Xf in accordance with hypothesis 13.21 Define the one-parameter family 
of maps, Ze{t) : Xf Xf, by 

Z^{t)iuo,ui){x) := {v{t,x,uo,ui),vt{t,x,uo,ui)) , 

where w(-, •, uq, ui) is a solution of the IBVP 

{evft + Vf — Av + w"^ = in Q 
W(0, •) = Uq, Vt{0, •) = Ml. 

With such V, we may define a second function z/;(-, •, mq, ui) as the solution of the 
IBVP (recall g{u) — u'^ — u) 

{ewft + Wt — Aw — f + ~ g{v + w) in Q 
Man = 0, 
wiO,-)=0, wt(0,-) = 0. 

Through the dependence of w on u and (mo,wi), problem (|80p then defines a one- 
parameter family of maps, K^{t) : Xf Xf, defined by 

Ks{t){uo,ui){x) {w{t,x,uo,ui),wt{t,x,uo,ui)) . 

Notice that if v and w are solutions to problems (|75|) and ([50]) respectively, then u = 
w -I- w is a solution to (fTG]) . We will show that the family of maps if ^ are uniformly 
compact for each e g (0, 1] below. For the remaining portions of hypothesis [321 we 
refer to O §3.4.3] or [33l Thm. 6.4.4]; i.e., we know that the solution {v{t), vt{t)) is 
uniformly bounded (and decaying) in Xf if {uq, ui) G Xf and f e L'^. Additionally, 
we know that for such data, the solution {u(t),ut{t)) is also uniformly bounded in 
Xf (dl see (3.74) in the proof of Thm. 3.21]). 

Lemma 5.14. Let (mo,ui) G Xf, and / G L^. Then the map t i— > {w{t),'Wt{t)) is 
uniformly bounded (with respect to t and e) in Xf. 
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Proof. In a similar fashion to pH Prop. 4.9], formally multiply the PDE in ([80]) by 
—2Awt{t) — Awlt) in and add 2a{f, Aw{t)), where a > is yet to be determined, 
to both sides to obtain (with v + w = u) 

^g^) I {N2 + 2(/, Aw)) + (2 - e)\\Ww,\\' + WAwf + 2a{f, Aw) 

= ((2a - 1)/, Aw) + (w^ - + u, -2Awt - Aw), 

where 

N^(w{t\wm e|lV«;i(t)f +e(Vw,(t), V«;(t)) + i|lVu;(t)f + \\Aw{t)f 

is, as we shall see, the square of an equivalent norm in Xf. To control the right 
hand side of ((81]) . first 

((2a - 1)/, Aw) < (2a - 1)^/^ + ^|| Au;f . 

Next 

{v^ -u^ + u, ~2Awt) = 2(3u^Vw - 3m^Vu + Vw, Vwi) < Ci + ^|1 Vwtf, 

where the constant Ci > depends on the imbedding Hq ^ and the uniform 
bound of v{t) and u(t) in i/g. Last, 

i|lAz«f <C2 + il 

where C2 > depends on the measure of fl (i.e. tt), the imbedding Hq ^ L°°, 
and the uniform bound on v{t) and u{t) in Tfp. We also employed the Poincare 
inequality ||w|| < ||Vm||; i.e. with 17 = (0, tt), the Poincare constant is 1 (cf. pUl 
Exercise 7.3] and [1 Ex. 2.19]). Now we rewrite ^ as 

(82) (7V2 + 2{f,Aw)) + i (ellVwtll^ + \\Awf) + 2a{f,Aw) < C^ia). 



(„3 _ ^3 ^ < 3|^|6 ^ 3|^|6 _^ 3||y^|,2 ^ _|1 Au;||2 < ^2 + tIIA^I'^ 



Since 



' ' ' 2 

1 1 



then (1H2I) becomes 



3iV2< ^(ellV^tlP + llAHP), 

^ (7V2 + 2(/, A«;)) + ^{N2 + 2(f, Aw)) < C3, 

when we choose a — ^. The constant C3 > above is independent of t and e. Since 

^\\iw{t),wt{t))\\j^, < N2, we deduce 

\\{w{t), wtitmh < 2e-*/5(7V2(0) + 2{f, Awo)) + 10^3(1 - e-*/^). 
Since (wo,wi) = (0,0), this simplifies to, 

|!(«;(0,zi't(t))|||| <10C3-C, 
from which the claim follows. □ 
Let S be a bounded subset of Xf. It follows from lemma [5. 141 that the set 

t>0 

is bounded, independent of t and e, in Xf; hence, the family of maps Kg is uni- 
formly compact in Xf. This establishes hypothesis 13.21 Moreover, we have shown 
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hypothesis 13.61 holds for fc = 1 when cf = 0. It remams to estabhsh hypotheses 13.61 
for k — 2, and 13.81 for j — 1, as well as hypothesis 13. 101 

Lemma 5.15. Let {uq,ui) e and / G . Then the map t {v(t),vt{t)) is 
uniformly bounded in Xf. 

Proof. Multiplying the equation ^ by -2Avt{t) - Av{t) in yields 

(83) ^iV2 + (2 - e)\\Vvt\\^ + \\Avf = (^v', -2Avt - Av). 

Here, N2 — N2{v{t),vt{t)). The right hand side is controlled by, first 

(-^;^ ~2Avt) = ~6{v^Vv, Vvt) < 18\v\l^]\Vv\\^ + ^\\Vvt\\^ < Ci + ^\\Vvtf, 

where the constant Ci > depends on the imbedding of Hq ^ and the uniform 
bound of v(t) in Hq. Second, 

-{v^-Av) < l\v\t + ^WAvf <C2 + IwAvf 

where C2 > depends on m(ri), the imbedding of Hq ^ L°°, and the uniform 
bound of v{t) in Hq. With this, ([55]) becomes 

j^N2 + l{s\\Vvtr + \\Avr)<C,. 

The constant C3 > is independently of t and e. We know that 

1 1 



so 



^N2 + In2<C3. 

at 5 

The fact that 5I! ^ ^2 yields 

< 2e-*/'^iV2(0) + 10C3(l-e-*/^). 

Thus, 

IOC3 if iVi(O) < 5C3 



\{v{t),v,m\xs<^ 27Vi(0) otherwise. 
This proyes the claim. □ 

Corollary 5.16. For any (uo,ui) € ^-^id / G H^ , the solution {u{t),ut{t)) of the 
hyperbolic problem (j76|) is uniformly bounded (with respect to t and e) in Xf. 

Proof. Since u = u + it;, the result follows by lemmas [5.141 and 15.151 □ 

Lemma 5.17. Let (ito,Mi) G ^ii'i / ^ Then the map t i—f {'w{t),wt{t)) is 
uniformly bounded (with respect to t and e) in X^. 

Proof Formally multiply the PDE in ^ by 2{-A)^Wt{t) + {~A)'^w{t) in and 
add 2a(V/, VAw(t)), where a > is to be determined, to both sides to obtain 

^g^^ ^ (A^2 + 2a(V/, VAii;)) + (2 - e)\\Awtf + \\VAwf + 2a{Vf,VAw) 
= ((2a - 1)V/, VAw) + {v^ - + w, 2(-A)2u;f + (-A)^^) 

where 

(85) 7V3(u'(0,^«t(i)):=£|lAwt(0ll'+e(Au;*(i),A«;(0) + i|lAu;(t)f + ||VA«;(t)f 
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is the square of an equivalent norm in Xf. To control the right hand side of ([84|) . 
first 

((2a - 1)V/, VAw) < (2a - lf|lV/f + \\\VAwf. 

Next 

{v^ -u^ + u, 2{-Afwt) = 2(6w(Vw)^ + Sv'^Av ~ 6u(Vu)^ - 3u^Au + Au, Awt) 

<C, + ^\\Awtf, 

where the constant Ci > depends on the imbedding n Hq > L°° and the 
uniform bound of v{t) and u{t) in n Hq (see lemma [5.151 and corollary 15.161 
respectively). Last, 

{v^ -u^ + u, {-Afw) = {3v^Wv - 3u^Wu + Vu, WAw) < C2 + i|| VAu;^, 

where C2 > depends on the imbedding D Hq ^ L°° and the uniform bound 
on v{t) and u{t) in n H^. Now we rewrite ((5T|) as 

(86) ^(iV3 + 2(V/,VA«;)) + i(e|jA«;tf + ||VAw||2)+2a(V/,VA«;) < C3(a). 
Since 

\N^<\{\\Awtr + \\VAwr), 

then becomes 

^ (iVg + 2(V/, VAu;)) + i (TVs + 2(V/, VAw)) < C3, 

when we choose = \ again. The constant C3 > above is independent of t and 
e. bmce =; \\{w{t),wt{t))\\\s < 7V3, it follows that 

II {w{t), wtm\% < 2e-*/5(7V3(0) + 2(V/, VAw^o)) + 10^3(1 - e"*/^); 

again (wojifi) = (0,0), so that 

\\iwit),wtm\li<lOCs = C. 

Therefore the claim holds. □ 

Consequently, we can choose cl = which verifies hypothesis 13.61 for the hyper- 
bolic problem. It now remains to show hvpothesis l3.8l for j = 1 as well as hypothesis 
13.101 Both claims will follow naturally from the following one. 

Lemma 5.18. For any {uq,ui) e and / G H^, the solution {u{t),Ut{t)) of the 
hyperbolic problem (I76|) is uniformly bounded (with respect to t and e) in X§. 

Proof. Formally multiply the equation ^ by 2(-A)2ut(t) + {-A)^u{t) in to 
obtain 

(87) + (2 - e)\\Autf + \\VAu\\^ = {f-u^ + u, 2(-A)V + (-A)^^), 
at 

where 

N^(u(t),ut{t)) := e||A^.,(t)||2 + s{Aut{t), Au{t)) + \\\Au{t)f + ||VA^.(t)f 
satisfies 

\\\{u{t),u,m\% < N,iuit),u,{t)) < ^\\{u{t),u,{t))rx.. 
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Returning to the right hand side of (l87|) . first 

{f-u^ + u, 2{-Afut) = 2(A/ - 6u{Vuf - Su^Au + Au, Aut) 

(88) 1 

<4||A/f + Ci + -||Aut||2, 

where the constant Ci > depends on the imbedding n Hq ^ L°° and the 
uniform bound of u{t) in n Hq {ci. corollarv l5.f 6p . Next 

{f-u^ + u, i-Afu) = (V/ - Sm^Vu + Vm, VAu) 

(89) ^ 1 

<|||V/|p + C2 + -||VA^.||^ 

where C2 > depends on similar parameters as Ci. With these, ([57)1 becomes 

at 5 

from which we deduce 

\\{u{t),utm\\. < 2e-*/^(Af2(0) - 5C3) + IOC3 

(90) ^ / fOCa if iV2(0) < 5C3 



27V2(0) otherwise. 

Therefore the claim holds. □ 
Lemma 5.19. For any T > 0, (uq, Ui) G -^f, and / e H^, 

Proof. Formally muhiply the PDF in ^ by 2{-A)^ut{t) + {-A)^u{t) in to 
obtain dST]). From ([871), (HH), and dM]), we have 



|7V3 + ^||Vu,|p + i||VA«|p < H||v/|p + Ci + C2. 

Integrating with respect to t on [0,T] and omitting the terms N^it) and i||Auj||, 
we see Ut e L'^{0,T; H^). By omitting i||VAu|p instead of i||AM(p we obtain 
ut G L2(0,r;7?2), so by the trace theorem (cf. [H]) m G C([0, T]; i?^). To obtain 
u G C([0, T]; iJ^), follow the arguments made in e.g. [2H]- □ 

This completes the justification of hvpothesis l3.8l We proceed to show hypothesis 

Lemma 5.20. For all (uoi^i) G X| and / G H^, there exists p| > such that the 
ball 

G| = Bl{0,pl) {z G X| : ||2||x| < p|} 
is absorbing and positively invariant for S^. 

Proof. Let p| > be such that (p|)2 > 10C3- Using when NsiO) > 5C3 and 

2A^3(0) < (p|)^ then {u{t),Ut{t)) G Bf(0,p|) for all t > t| = 0. Otherwise, when 
Af3(0) > 5C3 and 2iV3(0) > (p|)2, then (u(i), 'Ut(i)) G Bf(0,p|) for all t > rf where 

._51,,/' 2(jV3(0)-5C3) - 

On the other hand, if N^iO) < 5C3, then 27V3(0) < IOC3 < (pl)^ and, trivially, for 
iil\t>0,\\iu{t),utm\xi <Pl □ 
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We conclude that the hyperbolic semiflow Se admits a compact inertial manifold 
A^l in Xf satisfying ([28]) . Let be a bounded subset of Si and define Cf :— My^e 
as in Then the sets 

CI U K,{t)Cl and Cf := |J K,{t)CI 

t>cl t>c%^ 

are bounded in, respectively, and Xf. Let 

t>c| 

and (uo,ui) € tJ^"(Cf). Set 

if4'(C2)CG| 

The constant C3 was given in the proof of lemma 15.201 and p\ was given in lemma 
15.201 Recall the equivalent norm N-^ was defined in ([55)1 . Then we are ready to 
conclude that, for each e € (0, Ss] the set defined by, 

r67| 

is a compact inertial manifold for Se in Xf. 

5.4. The weak robustness result. We have established hypotheses 1 2. 1[ [2T2l 13. 2[ 
13.51 13.61 13. 8( 13.101 and 14.51 for both the parabolic problem and its perturbed hyper- 
bolic relaxation. Finally, we move onto hvpothesis 14.11 

Lemma 5.21. The map £ : (1 Hq ^ defined by 

u i-^ f + Au — u'^ + u 

is locally Lipschitz continuous (recall Y2 — n Hq, Yi = Hq, and Yq = L^). 

Proof. First, recall that the map g{u) := m'^ — u is locally Lipschitz continuous from 
into L^. Let Af > and u,v € H^nH^ be such that ||u||2 < M and ||w||2 < M. 
Then 

\\£{u) - £{v)\\ < II Au - Au|| + ||.g(u) - g{v)\\ < C\\u - i;||2, 

where C > depends on the M, the local Lipschitz constant of g, and the imbedding 
^ Hi □ 

Let G3 be defined as in lemma [5.20l and {ho, hi) G G3 (and recall that on G3, the 
modified nonlinearity Fe is the same as the original F^). Solutions h{t) of "problem 

(He)," 

ehtt + ht - Ah + - h = f in Q 

h{0,-) = ho, ht{0,-) = hi, 
define the semiflow for the hyperbolic case (e G (0, £1]), 

Se{t){ho,hi){x) := {h{t,x,ho,hi),ht{t,x,ho,hi)). 
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For the parabolic case (e = 0), solutions p{t) of "problem (P)," 

Pt - Ap + p^ - f in Q 

Plan = 
p(0, •) ^Po, 

define the semiflow 

Sp{t)pa{x) -.^ p{t,x,po). 

The lift of Sp is given by 

CSp{t)po{x) := {p{t,x,pQ),£{p{t,x,pQ))). 
We are interested in the difference z{t) h{t) ~ p{t) when ho ~ po, which solves 

{eztt + zt- Az + g{h) - g{p) = -epu in Q 
z(0,-) = 0, zt(0,-) = /^l-f(/^o)■ 
To establish (l26l) of hypothesis 14. 1[ we begin with the following result. The con- 
stants appearing in the estimates below are independent of e. In many cases they 
may arise from the following inequalities: imbeddings, Poincare, Lipschitz continu- 
ity, or uniform bounds on solutions. 

Lemma 5.22. For any poi / G , there holds for all t > 0, 
(92) y(t)f<e-^%p,f + \[\\ff + \nyi^e-'% 

Proof. Multiplying the PDF in problem (P) by 2p{t) yields for almost all i > 0, 
-^Ibf + 2||Vp|p + 2\p\\ - 2(/ < ||/||2 + i\\pf 

(93) 

<\\fr+--K+2\p\i- 

i.e., 

|MP + 2|bf <||/f -f^TT, 

from which (1921) follows. □ 



Corollary 5.23. It follows from ([92|) that for any po,/ G , there holds for all 

t > 0, 

(94) lb(i)lP<lbo|P + ^||/|P + ^^). 
Lemma 5.24. Let po G Hq and f £ L^. For alH > there holds, 

(95) f\\Pt{rW dT<mf + {i + C)\\Vpo\\\ 
Jo 

where C > depends on the imbedding ^ L°° . 

Proof. Multiplying the PDF in problem (P) by 2pt{t) yields for almost all t > 0, 

(96) Wptf + I (\\Vpr + l\p\i - WpW 2(/,p>) = 0. 
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Integrating ([96|) with respect to r over (0, t) gives, 
(97) 



\\Mr)r dr + \\Vp{t)r + -\p{t)\t + \\po\\ 



= \\pit)r + 2{f,p{t)) + WVpof + l\po\i 2(/,po). 

Omitting the terms || Vp(s)|p + 5|p(s)|| + ||po|P from the left hand side, controUing 
the right hand side with 2||p(s)|p + 2||/|p + C||Vpo|P, and employing the uniform 
bound on |lp(s)|p given in equation ((94|) of corollarv l5.23i we obtain (|95p . □ 

Lemma 5.25. Let pq E Hq and / e L^. For alH > there holds, 

\\vpit)r<\\p{t)r+\\vp{t)r 

^^^^ < e^'^'iWPor + II Vpoin + (411/lP + ^tt) (1 - e-*/2). 

Proof. Multiplying the PDE in problem (P) by — 2Ap(t) yields for almost all t > 0, 

^llVplP + 2||Ap||2 + 6{p^Vp,Vp) = 2(f+p, -Ap) < Wff + \\Apf + 2||Vp||. 
Omitting the positive term 6(p^Vp, Vp) from the left hand side gives, 

(99) |||Vp|p + ||Ap|p<||/|p + 2||Vp|p. 
Adding (HH) to ([93]) from the proof of lemma [02l yields 

(100) +||Vp|p) + ||Apf <2||/|p + ^vr. 
Now employing the estimate 

^(IWP + ||Vp|p)<c||Apf, 
in (|100p . we obtain that for almost alH > 0, 

I {\\pf + llVpf ) + \{\\pf + llVpir) < 2||/f + 
From this, ^ follows. □ 
Corollary 5.26. Let pa e and / G It follows from ^ that for alH > 0, 

(101) ||Vp(i)ir <2||Vpo||' + 4||/ir + ^^. 

Lemma 5.27. For any po e n LIq and / G H^, there exists C > 0, depending on 
P07 /, and the imbedding Hq ^ L°° , such that for all t>0, 

(102) l|A]9(t)|p < Ct. 

Proof. We now formally multiply the PDE in problem (P) by 2(— A)^p(i) in L^ to 
obtain 

^^^^^ ^ll^^'ll' + 2||VAp||2 = 2(V/ + Vp, VAp) - 6{p^Vp,VAp) 

< 2|lV/f + 2||Vpf + 2||VApf + CllVpf , 
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where the constant C > depends on the imbeddmg iJg ^ L°° . Omitting the 
term 2||VApp from ()103|) and integrating yields, 

II Ap(t)f < IIApolP + \\\yf\?t + \\\Vp{T)f + C\\Vp{T)f dT, 
and now with (jlOip of coroUarv l5.261 then we have equation (|102p of the claim. □ 

Lemma 5.28. For any po G -f^^ H iJg, and / e there exists C > 0, depending 
on po, /, and H., such that for all t >0, 



(104) 



f\\ypt{rW dT<\\Vpor + Ct. 
Jo 



Proof. Multiply the PDE in problem (P) by -2Apt(t) to obtain 

2\\Wptf + ^\\Apf = 2(Vf + Vp,Vpt) ~6{p^Vp,Vpt) 

(105) at 

< 4||V/|p + 4||Vp|p + llVftiP + C||Vpf . 
Using (fTUT|) . then reduces to 

(106) ||Vpj2 + |||Vpf <C. 
Integrating (|106p with respect to t produces 

(107) /* l|Vpt(r)||2 dT + \\Vpit)f < \\Vpof + Ct. 
Jo 

Omitting the term ||Vp(t)|p from (|107p above, we obtain (|104p of the claim. □ 

Lemma 5.29. For any po E n Hq, and / G H^, there exist Ci, C2 > 0, such that 
for aU t > 0, 

(108) / WpttirW dT+ < \\V£ipo)f + C\i\\V£{poW + 1) + C'2. 
Jo 

Both Ci and C2 depend on po and the imbedding Hq ^ L°°. Additionally, C2 
depends on /, and m(r2). 

Proof. Differentiating problem (P) with respect to t gives 

{Ptt - Apt + 3p2pt - pt = in Q 
Ptlon - 
Pt(0,-)=f(/io). 

Formally multiplying the PDE in (|109|) by 2ptt{t) in produces, for almost all 
t > 0, 

(110) 2|b„||2 + |||Vpj2 = -2((3p2 - < 6||/ptf + |b„||2 + 2|bt||2. 
Recall that 

lbVll<blLlbtll<qb*ll, 

where C > depends on the imbedding Hq ^ Then, (jllOp becomes, 

(111) \\puf + f^w^Ptr < c\\wptr +2\\p,\\\ 
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Omitting the first term ||ptt(t)|p from piip . integrating with respect to t, and 
applying (l95|) of lemma 15.241 we now have 



\\Wpt{t)r<\\Wpt{Q)r + C \\Vpt{T)fdT + 2 |bi(r)|| 
(112) ^" 

< ||Vpt(0)||2 + C / \\Vpt{T)f dT + C, 



dr 



where C" > also depends on the imbedding iJg ^ L°°. With the aid of Gronwall's 
inequality, pi2p becomes 

\\^Pt{t)f < (llVpi(O)ll^ + C')exp (cj^ ||Vp(r)||2 dr^ , 

and with the aid of (jlOip of corollarv l5.261 

(113) ||VftW||2<(||Vpt(0)||2 + C')e^"*, 

where C" > depends on ho, f, and 17. 

Now integrating with respect to t yields, 

(114) /* \\ptt{r)f dr + \\Vpt{t)f < \\Vpt{0)f + C f \\^Pt{T)f dr + C . 



By omitting the second term ||Vpf(t)||^ of (|114p and by employing pi3p we arrive 
at (jlOSp as claimed. □ 



With this at hand, we can now proceed to show that hypothesis 14.11 holds for 
the model problem. 

Proof of hypothesis I4.1i Let i?| be a bounded set in X|, and let (/iq, hi) g 
Muhiply the PDE in ^ by 2zt{t) in to yield, for almost aU t > 0, 

^ {e\\zt\\^ + ||Vz||2) + 2||ztf = -2{g{h) - g{p),zt) ~ 2e{pu, zt) 
< L\\\/u-Vp\\^ + 2\\zt\\^ + e\\ptt\\^ 
<L\\Vzf + 2\\ztf + e\\ztf + e\\ptt\\^ 
where we employ the local Lipschitz continuity of the nonlinearity g on B^. Then, 

±[e-^^^{e\\z,r + \\Wzr)]<ee-^^'\\pur, 

where Cl ■= max{L,l}. Integrating with respect to t in the compact interval 
[ra, 2x3], where now 

T3 ■■= max{T|',r|}, 
and applying the result of lemma 15.291 leaves us with 

\\{z{t),zt{tmxf<cv^. 

The constant C > depends on ho, /, m(ri), the imbedding Hq ^ L°° , L > 0, t^, 
but not e. This establishes hvpothesis 14. II with 7 = ^. □ 

We may now satisfy the remaining compatibility criteria by setting: 
(1) Recall that we already set A^* := maxjA'p*, A^e*} above. Now we can define 
3i :— S'pa,n{uJn{x)}^^i and Ei 3i x Ji. 
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(2) Given C 3i, assume = x C Si. It follows that dim(3i) = 
dim(I]i) = N*. 

(3) In the proof above we already set t| = max{r3,r|}; so replacing both 
and t| with Tg , it also follows that Tg = r| and = /| • 

(4) This is not needed here. 

As of yet, we cannot apply theorem [4. 71 because we cannot show that hypothesis 
14.61 holds for the model problem. There is a difficulty in obtaining the estimates 
in hypothesis 14.61 because of a lack of information about the functions f G Gl and 
nip S Q1 . We will however show a different version of hypothesis 14.61 which yields 
a weaker robustness result. 

Hypothesis 5.30. Assume that there exist C, C > 0, A, A' S (0, 1] such that for all 
T] > there exists Nq > N* + 1, depending on -q, so that for any N > Nq, 

(115) sup inf \\Sp(t)Ula- Sp{t)P\\Y^ <Cr]^ 

"2 "2 

and 

(116) sup inf \\Sp{t)a- Sp(t)UlP\\Y, <C'r]^' . 

Proof of hypothesis 15.301 First we show (|115p . Fix 

a= (x»+™e(x» € w^^(C|) 

and choose 

P = X + mp{x)ecj^/{C°). 

'-2 

Then 

inf \\Sp{t)Ula-Sp{t)f3\\i < \\Sp{t)lila ^ Sp{t)0\\i. 

P^ul'l" {c°) 

"2 

The difference z{t) := Sp(t)\lla - Sp(t)(3 = pi{t) - p2{t) solves 

{zt- Az + g{pi) - g{p2) = 
z(<,0) = z(t,7r) =0 
z(0) = nfa - /3 = nlnieix, V) - ™p(x). 

Recall by lemma l4^ that rrie € Gl is such that me{x,fp) — {f{x)i9{''P)) for some 
f e Gl and g e Gl\ thus, nfme(x,'!/') = /(x)- Multiplying the above PDE in 
by -2Az(t) yields 

|||Vz|p + 2||Azf <CL|lVz|p + 2||Azf. 

Hence, for all i e /f := [rf, 2Tf ], 

Ik(t)||?<e2^-3||z(0)||?; 

thus, for all i G /f, 

(117) ||5p(t)n?a - SpimW < C(||/(x)lli + llrnp(x)lli). 

Recall mp(x) G and /(x) G 32- We now show that there is a function s{N*) 
such that ||mp(x)|ii < s(A^*) and s(iV*) as A^* 00. Since the "tail" of the 
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Fourier series for mp{x) converges in 



(118) \\mp{x)\\i = 



n=N-' + l 



oo 

< ^ \{mp{x),w^)\\\wn\ 

^ n=N' + l 



Using the normalized eigenfunctions {y ^ sin(nx)} of the Laplacian —A in LP' with 
domain n H}^ and the corresponding eigenvalues A„ = , then 

\\Wn\\\ = llVlUniP = (w„, -AWn) = A„||w„|P = n^, 

and 

(mp(x),u'„) = -5-(TOp(x),-Aw„) = -!-(-Amp(x), w„) 

= ty(-Atop(x),-Au;„) = --^(VATOp(x), Vw;„) 

< Tyl|wp(x)ll3||«^«||i < ^\\mp{x)\\3 = '^"^Il"^p(x)ll3- 

A„ 71 

Thus, from (fTTS]) 

OO oo 

\\mp{x)\\i< \i^pix),Wn)\\\wn\\i <\\mp{x)h 

A similar result holds for f{x) G 32- The Fourier series converges in Hq, so 



(119) 
Here, 



||/(X)I|1< E \ifix),Wn)l\\\w,,\ 



n=N*+l 



{f{x),wn)i = (V/(x),Vu;„) = (-A/(x),i«„) 

= ^(-A/(x),-Au;„) = ^(VA/(x),Vw;„) 

<ill/(x)l|3||«;„||l<^||/(x)l|3 
= ri-3||/(x)l|3. 

Now f)119p becomes 

oo oo - 

||/(X)I|1< E \{fix),^n)l\\\wM<\\f{x)h E 

Hence, equation (|117p becomes 

||5p(t)H3a - Spim, < C(||/(x)||3 + ll™p(x)||3) 



< 



oo 



for which, given any ?7 > 0, there exists A^o ^ ^* + 1; sufficiently large and depend- 
ing on 77, so that 



(120) 



|5p(i)n?a-S'p(i)/3|li < 
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Since Ufa = x + fix) is in the bounded set lilu^^' {C2) in Y3, then such A^'o is 
uniform in (XiV")- Therefore, for each N > Nq, the model problem satisfies pi5|) 
with A = i. 

Now to show pl6)) holds. □ 

We now describe the weaker robustness result for the generic case. Since hypoth- 
esis 15.301 holds for the model problem, the following result (theorem 15.311 below) 
holds for the the application in this section. Following the first part of the proof of 
theorem 14.71 we arrive at inequality (|36p : 



dxi{Ml,CMl)<C3e^'>+ sup inf ||S'p(i)n?a - 5p(t)/3||y,. 

ae<^-^/(C|)/3ec^'^''(c§) 

where C3 > and 70 G (0, are both independent of e. Now by hypothesis 15.301 
(instead of hypothesis 14. 6p there exist C4 > 0, A G (0, 1] such that for all 77 > 
there exists A'o > N* + 1, depending on 77, so that for any N > Nq, 

sup inf \\Sp{t)Ula- Sp(t)P\\Y, <Ci7j^. 

ae</(C|)/3ec^fp''(c«) 

Thus, 

By choosing ij = e, and setting Ai := 2max{C3,C4} and (pi := min{7o,A}, then 
there is A'o > N* + 1 so that for any N > Nq, the iV-dimensional compact inertial 
manifolds A^l and AI3 satisfy 

(121) dxf{MlCMl)<Aie^'. 

On the other hand, following the second part of the proof of theorem 14.71 we 
have the following inequality before the use of hypothesis 14.61 

dxf{CMlMl)<C',e^°+ sup inf \\Sj,{t)a ~ SpmlPWr,. 

^^2 

where C3 > and 79 £ (0, ^] are both independent of e. Now with hvpothesis 15.301 
there exist C[ > 0, A' S (0, 1] such that for aU 77 > there exists Nq > N* + 1, 
depending on 77, so that for any N > Nq, 

sup inf \\Sp{t)a- Sp(t)Ul(3\\Y, <C4ri^. 

"2 

Thus, 

dxf{CMl,Ml) < C^e-^" + C^r;^'. 
By choosing rj = e, and setting A2 :— 2max{C'^,C'^} and 02 ■— niin{7Q,A'}, then 
there is A'o > N* + 1 so that for any N > Nq, the A^-dimensional compact inertial 
manifolds and M'^ satisfy 

(122) dxi{CMlMl)<A2e^\ 
Combining (fT^ and yields 

distx f {Ml, CM°) < Ae^ 

where A := max{Ai, A2} and 4> := minji^i, 02}, and therefore the family (MD^g^o,!] 
is robust at £0 = in the topology of Xf. 



50 



JOSEPH L. SHOMBERG 



Through hypothesis 15.301 the weak robustness result means that by increasing 
the dimension of the underlying manifolds, we can make the corresponding compact 
inertial manifolds sufficiently "close." Moreover, for all manifolds whose dimension 
exceeds the prescribed number TVq, the corresponding compact inertial manifolds 
are also sufficiently "close." We have shown the following. 

Theorem 5.31. Let A4^ be the compact inertial manifold constructed above, and 
for each e G (0, 1], let A^l be the compact inertial manifold constructed above while 
under the compatibility criteria less #4. If hypotheses 14.11 1431 and l5.30l hold, then 
the family (MD^gfo.i] defined in (|32| satisfies the following: there exist A > and 
4> e (0, 1] such that for every e G (0, 1] there exists A^o > N* + 1 in which for every 
N>No, 

dist(M5,M°) < Ae"^. 
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